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Preface to Part I

The project Some dozen years ago, I started putting together a set of notes on

category theory, just as an exercise in getting things a bit clearer in my own mind.

The notes eventually became quite substantial, and began to take on something

of the shape of a book, a gently-moving beginner’s guide of the kind that I myself

would earlier have welcomed. So in 2015 I posted this approximation-to-a-book

online, in the hope that some others might perhaps find my efforts helpful.

I revised those notes a little in 2018. But they remained very much work in

sporadic progress; so there were chapters at different levels of development and

with different degrees of integration with what was around them (and no doubt

different levels of reliability). Despite their half-baked character, the notes have

been steadily downloaded a lot, sometimes over a thousand times in a month.

Which has been pretty surprising – pleasing in its way, but also increasingly

embarrassing, as I of course knew all along how very flawed the draft notes were.

Of late, I have mostly had to let categories simmer on the back burner as I

got on with other projects. But those distractions are at last finished, or at least

can be set aside for a while in their turn, and I can from time to time rework

these notes. The aim is at least to improve some of the technical exposition to

make it as accessible as I can, and to add just a bit more discursive commentary.

For the moment, I am dividing the notes into two Parts – there is a rather

natural division point, which I explain in §1.3. The second Part will have to stay

unrevised for a while. And this first Part is still work in progress: revised or re-

revised chapters get added when I think that they are at least significantly better

than what they replace, not when I think they are as good as they could be!

Needless to say, all comments and corrections will continue to be very gratefully

received.

Who are these notes for? What do you need to bring to the party? I’m still

writing up this material as much as anything for my own satisfaction. Whether

my angle of approach and level of exposition will satisfy you will of course

depend entirely on your interests, background, and preferences in matters of

mathematical style. I can only suggest that you just dip in and see whether they

might work for you.

One thing is pretty obvious from the outset: these notes are long given their

coverage, because I do go at a gentle pace. I don’t apologize at all for this:

there are plenty of faster-track alternative introductions available for those who

vii



Contents

want one instead. However, it is not just my own experience which suggests that

getting a secure understanding of category-theoretic ways of thinking by initially

taking things slowly can make later adventures exploring beyond the basics very

much more manageable.

I imagine one reader, then, to be a mathematics student who wants a first

introduction to some categorial1 ideas, perhaps as a preliminary warm-up before

taking on an industrial-strength graduate-level course.

Another reader might be a philosopher interested in the foundations of math-

ematics who wants an accessible introduction to give them an initial sense of

what the categorial fuss is about, so that they can tell if they then need to find

out more. (But note, I only touch on a few conceptual issues here. Think of

this as a review of the elementary mathematics of categories; it certainly is not

intended as much of a contribution to the sometimes heated debates about the

status of category theory e.g. as a supposed rival to set theory as a ‘foundation’

for mathematics.)

Now, category theory gives us a story about the ways in which different parts

of modern abstract mathematics hang together. Obviously, you can’t be in a

good position to appreciate this if you really know nothing beforehand about

modern mathematics! But I do try to presuppose relatively little. Suppose you

know a few basic facts about groups (there’s some revision in Chapter 2), know

a little about different kinds of orderings, are acquainted with some elementary

topological ideas, and know a few more bits and pieces; then you should in

fact be able to cope fairly easily with the introductory discussions here. And if

some later illustrative examples pass you by, don’t panic. I usually try to give

multiple illustrations of important concepts and constructs; so feel free simply

to skip those examples that happen not to work so well for you.

How far do we aim to get? In these introductory notes, I only explore the

beginnings of category theory. But what count as ‘beginnings’? I’ll be guided

in part by the coverage of some avowedly introductory books. But I also note,

for example, that the famous introduction to topos theory by Mac Lane and

Moerdijk (1992) starts with a fourteen page chapter of ‘Categorical Preliminar-

ies’. This isn’t supposed to be a stand-alone exposition so much as a checklist

of assumed basics. That checklist turns out to correspond pretty closely to the

overall coverage of the two Parts of these notes, which suggests that my menu

of topics is sensible enough.

Theorems as exercises Almost all the proofs of the theorems you meet as you

begin category theory are very straightforward. Almost always, you just have to

‘do the obvious thing’: there’s little ingenious trickery needed at the outset. So

you can think of the statement of a theorem as in fact presenting you with an

exercise which you could, and even should, attempt to work through for yourself

in order to fix ideas. The ensuing proof which I spell out is then the answer (or

1Logicians already have a quite different use for ‘categorical’. So when talking about cat-
egories, I much prefer the adjectival form ‘categorial’, even though it is the minority usage.
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at least, an answer) to the exercise. Sometimes theorems are explicitly stated as

challenges for you to prove.

Notation and terminology I try to keep to settled notation and terminology,

and where there are standard alternatives often mention them too: what I say

here should therefore be easy to relate to other discussions of the same material.

‘Iff’, as usual, abbreviates ‘if and only if’. In addition to using the familiar

‘l’ as an end-of-proof marker or to conclude the statement of a theorem whose

proof needn’t be spelt out, I also use ‘4’ as an end-of-definition marker.

And from now on, I mostly follow the usual mathematicians’ practice of omit-

ting quotation marks when mentioning symbolic expressions, if no confusion is

likely to result. Logicians can get irritatingly fussy about this sort of thing, and

I try to avoid that.

Thanks! Andrew Bacon, Malcolm F. Lowe and Mariusz Stopa very kindly sent

long lists of corrections to an early ancestor of these notes. I had then further

corrections to a revised version from Malcolm F. Lowe, David Ozonoff, Jan

Thiemann, Zoltán Tóth, and Adrian Yee.

And, as I start work on revising the notes again, I’ve now had more corrections

and suggestions on chapters in Part I, in particular from Sam Butchart and

Rowsety Moid, together with Matthew Bjerknes and Leonardo Pacheco. Very

warm thanks to everyone!
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1 Introduction

1.1 The categorial imperative

Modern pure mathematics explores abstract structures. And these mathematical

structures cluster in families.

Take a family of structures together with a good helping of the structure-

respecting maps between them. Then we can think of this inter-related family as

forming a further structure – a structure-of-structures, if you like – something

else to explore mathematically.

(1) Here’s a basic example. A particular group is a structure which comprises

some objects equipped with a binary operation defined on them, where the

operation obeys the well-known requirements. But we can also think of a

whole family of groups, together with appropriate maps between them –

i.e. homomorphisms which respect group structure – as forming a further

structure-of-structures.

(2) Another example: any particular topological space is a structure, classically

conceived as comprising some objects, ‘points’, which are equipped with

a topology. But again, a whole family of these spaces, together with ap-

propriate maps between them – this time, the continuous functions which

respect topological structure – forms another structure-of-structures.

(3) And so it goes. Perhaps what interests you are some well-ordered objects:

these constitute another mathematical structure. In fact, there is a whole

family of such well-ordered structures together with order-respecting maps

between them. We are interested in the structure of this family (perhaps

in the guise of the theory of ordinals, the theory of order-types of well-

orderings). We want to know too about other kinds of families of ordered

objects and the relations between them.

In each of these various cases, then, we not only investigate individual structures

(the particular groups, particular topological spaces, particular collections of

ordered objects), but we can also explore families of such structures (families of

groups, families of topological spaces, families of ordered pluralities), with the

family itself structured by the maps or morphisms between its members.
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Introduction

As a further step, we can next go on to consider the interrelations between

these structures-of-structures. This will involve looking at an additional level of

structure-respecting maps, the so-called functors, this time linking structures-

of-structures (as when, for example, we map a family of topological spaces with

base points to their corresponding fundamental groups). And even this is not the

end of it. Going up yet another level of abstraction, we will find ourselves wanting

to consider operations which map one functor to another while preserving their

functorial character (in ways we will later explain).

So here is one central imperative of modern mathematics: to explore these

upper levels of increasing abstract structure.

Let’s agree straight away that this project certainly doesn’t appeal to all – or

even most – mathematicians. A vast amount of pure mathematics is of course

carried on at much less exalted levels. Still, the hyper-abstracting project can

resonate with a certain systematizing cast of mind. And evidently, if we are going

to set out on such an enquiry, we will want a framework for dealing with these

upper layers of abstraction in a disciplined and illuminating way.

This is where category theory comes into play for us (at least in these notes):

it provides exactly what we need as we first set out to explore the territory,

because suitably structured families of structures are prime examples of cate-

gories. Category theory’s basic ideas and constructions will provide a general

toolkit for systematically probing structures-of-structures and even structures-

of-structures-of-structures. And it is the theory in this role that will be our main

concern in this beginners’ guide.

1.2 From a bird’s eye view

But what do we really gain by ascending through those levels of abstraction and

by developing tools for imposing some order on what we find?

For a start, we should get a richer conceptual understanding of how various

parts of mathematics relate to each other. And I suppose we might reasonably say

that, in one sense of that contested label, this will be a ‘philosophical’ gain. After

all, many philosophers, pressed for a crisp characterization of their discipline, like

to quote a famous remark by Wilfrid Sellars:

The aim of philosophy, abstractly formulated, is to understand how

things in the broadest possible sense of the term hang together in

the broadest possible sense of the term. (Sellars 1963, p. 1)

Category theory indeed provides us with a suitable unifying framework for ex-

ploring in depth some of the ways in which a lot of mathematics hangs together.

That’s why it should be of considerable interest to philosophers of mathematics

as well as to mathematicians interested in the conceptual shape of their own

discipline.

But category theory does much more than give us a helpful way of relating

some aspects of structures that we already know about. As Tom Leinster so very

2



1.3 A slow ascent

nicely puts it, the theory

. . . takes a bird’s eye view of mathematics. From high in the sky, de-

tails become invisible, but we can spot patterns that were impossible

to detect from ground level. (Leinster 2014, p. 1)

So category theory crucially enables us to reveal new connections we hadn’t

made before. What are called ‘adjunctions’ are a prime example, as we will

eventually find.

Seeing recurrent patterns in different families of structures and making new

connections between them in turn enables new mathematical discoveries. And

it was because of the depth and richness of the resulting discoveries in e.g. al-

gebraic topology that category theory first came to prominence. But it would

be distracting to investigate those roots in these notes. I will stick to very much

more elementary concerns, with an emphasis on unification and conceptual clar-

ification. This will, it has to be said, give us a limited and partial picture: but

we will still have more than enough to explore. And this way, I at least can hope

to keep everything relatively accessible.

1.3 A slow ascent

The gadgets of basic category theory do fit together rather beautifully in multiple

ways. These interconnections mean that there certainly isn’t a single best route

into the theory. Different treatments can take topics in significantly divergent

orders, all illuminating in their various ways.

I will follow the simplest plan, however, and make a slow ascent to the cat-

egorial heights. We begin at that first new level of abstraction, one step up

from talking about particular structures. In other words, we start by talking

about categories. For, as I said, many paradigm cases of categories are in fact

structured-families-of-structures. And we go on to develop ways of describing

what happens inside a category. In this new setting, we revisit many familiar

ideas about maps between structures, and about ways of forming new structures

by e.g. taking products or taking quotients. Which gives us our topics for Part

I of these notes.

Only after extended exploration of categories taken singly do we move up

another level to consider functors, maps between categories (typically, maps

between families of structures). And only after we have spent a number of chap-

ters thinking about how particular functors work (and how they interact with

products, quotients and the like) do we next move up a further level to define

operations sending one functor to another – these are the so-called natural trans-

formations and natural isomorphisms. We then explore these notions, and the

related idea of one functor being a representation of another, at some length

before we at last start exploring the key notion of adjunctions. All this will be

covered in Part II, which ends with some brief pointers forward to other topics

that come into view.
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In summary, my chosen route here into the basics of category theory steadily

ascends through the increasing levels of abstraction in a rather natural way. This

route has logical appeal; but it does mean that we don’t meet the really exciting

and most novel categorial ideas until Part II. However, this disadvantage will (I

hope) be counterbalanced – at least for some – by the gains in understanding

which come from taking our gently sloping path. I will just have to do my best

to make the ideas we encounter in Part I already seem pretty interesting and

fruitful!
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2 Groups, and categories of groups

Category theory gives us a framework for thinking systematically about struc-

tured families of mathematical structures. One paradigm case of such a family,

I said, comprises some groups organized by homomorphisms between them. But

that’s vague. By the end of this chapter, I will have explained more carefully

what it takes to form a category of groups.

It might be helpful, though, to begin by reminding ourselves about some very

elementary facts about groups. The point of this exercise is to highlight a few

themes which are already there in pre-categorial mathematics. For example, we’ll

make some general points about products and quotients, and – more abstractly

– note some ideas about what might count as ‘objects’ in structures and about

‘identity up to isomorphism’. We will soon enough meet these themes again in

a categorial guise: but first, here they are in a more familiar context.

Depending on your background, you may very well be able to skim-read this

quick review at pace. Though you will probably spot straight away that the

definitions I give in this chapter are in a key respect not quite the usual ones.

I’ll explain the reason for their mildly deviant character in Chapter 3; so indulge

me for now!

2.1 Groups revisited

(a) I will use the likes of ‘G’ as a plural variable, to pick out some objects, one

or many. And ‘x ε G’ will abbreviate the claim that the particular object x is

among the objects G. Then, with that notation to hand, we can take this as our

preferred definition:

Definition 1. The objects G with a distinguished object e, equipped with a

binary operation ˚, form a group iff

(i) G are closed under the operation ˚, i.e. for any x, y ε G, x ˚ y ε G;

(ii) ˚ is associative, i.e. for any x, y, z ε G, px ˚ yq ˚ z “ x ˚ py ˚ zq;

(iii) e ε G, and e acts as a group identity, i.e. for any x ε G, x ˚ e “ x “ e ˚ x;

(iv) every group object has an inverse, i.e. for any x ε G, there is at least one

object y ε G such that x ˚ y “ e “ y ˚ x. 4

Don’t read too much into ‘equipped’. It’s a standard turn of phrase here; but it

means no more than that we are dealing with some objects G and an operation

5



Groups, and categories of groups

defined over it.

If e and e1 are both identities for a group formed by G equipped with ˚, then

e “ e ˚ e1 “ e1; so group identities are unique. Likewise, inverses are unique.

(b) Note immediately the variety of objects and operations that can form a

group. In fact, any item e, whatever you like, together with the only possible

binary operation ˚ such that e˚e “ e, forms a trivial one-object group. Similarly,

any two items e, j, whatever you like, form a group when they are equipped with

the binary operation ˚ for which e is the identity and j ˚ j “ e.

Less trivially, there are additive groups of numbers (e.g. the integers equipped

with addition, or with addition mod n, with 0 as the identity), and there are

multiplicative groups of numbers (e.g. the non-zero complex numbers equipped

with multiplication, with 1 as the identity). These examples are abelian, i.e. the

binary operation is commutative.

Likewise, there are groups of functions. For a simple case, take the group of

permutations of the first n naturals, with functional composition as the group op-

eration and the do-nothing permutation as the group identity. If n ą 2, then this

permutation group is non-abelian. Or consider groups of geometrical transfor-

mations – for instance the non-abelian group of symmetries of a regular polygon

(i.e. the rotation and reflection operations which map the polygon to itself).

Then there are various groups of real invertible matrices, groups of closed

directed paths through a base point in a topological space (with concatenation

of paths as the group operation), and so on and on it goes. Groups are very

many and various! But you knew all that.

(c) We need to agree some more notation. So let’s use ‘pG, ˚, eq’ simply to

abbreviate ‘(the objects) G equipped with the operation ˚ and with distinguished

object e’.1 Similarly, of course, for e.g. ‘pH, ‹, dq’ etc. And when convenient we

can abbreviate such expressions further by ‘G’, ‘H’, etc.

If pG, ˚, eq satisfy the conditions for forming a group, then let’s briskly write

‘the group pG, ˚, eq’ (or simply ‘the group G’) rather than ‘the group consisting

in pG, ˚, eq’.

The group operation can be significantly different from case to case (all that

is required is that it satisfies Defn. 1). But it is customary to default to us-

ing multiplicative notation and to talk generically of group ‘products’;2 we will

correspondingly default to denoting the inverse of a group object x by x´1.

2.2 A quick word about ‘objects’

There is a view, introduced into modern logic by Frege, according to which there

are absolute type-theoretic distinctions to be made between objects (individual

things) and first-level functions (sending objects to objects) and second-level

functions (sending first-level functions to first-level functions), etc.

1So the parentheses here are just helpful punctuation.
2Additive notation, however, is commonly used when dealing with abelian groups.
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2.3 New groups from old

Whatever the virtues of that view, I should emphasize that when we talk about

the objects of a group, the notion of object in play here is a relative one. A group

involves a group operation (a binary function of some type, whose inputs and

outputs must be at the same type-level); and then this group’s ‘objects’ are the

items (of whatever type) which are the inputs and outputs for that operation.

These items can be objects-as-individuals (like numbers); but the items can

equally well be first-level functions (like permutations of some numbers, i.e.

bijections between those numbers); or they can be of other types too.

I stress this obvious point in this familiar context because, looking ahead, we

will meet just the same relative use of the notion of object when we get round

to defining the general notion of a category.

2.3 New groups from old

(a) Given one or more groups, we can form further groups from them in various

natural ways. For a start, there are subgroups, in the entirely predictable sense:

Definition 2. pG1, ˚, eq form a subgroup of the group pG, ˚, eq iff (i) G1 are some

or all of G, and (ii) G1 are closed with respect to the group operation and taking

inverses (meaning that all ˚-products and ˚-inverses of objects among G1 are

also among G1). 4

Example: the even integers (still with addition as the group operation, and with

zero as the group identity) form a subgroup of the additive group of integers.

For another example: the complex numbers on the unit circle form a subgroup

of the multiplicative group of non-zero complex numbers.

(b) Next, products of groups. And, as a preliminary, we first need the general

idea of a pairing scheme:

Definition 3. A scheme for pairing any objects from among G with any object

from among G1 provides

(i) some pair-objects O (which can be any suitable objects, and may or may

not be already among G and/or G1);

(ii) a binary pairing function which we can notate ‘x , y’ which sends x ε G

and x1 ε G1 to a pair-object xx, x1y ε O (where every one of the objects O

is some such xx, x1y);

(iii) two unpairing functions which send a pair-object xx, x1y to x and x1 re-

spectively. 4

Note, it is immediate from this definition that the pairing function sends distinct

pairs x, x1 and y, y1 to distinct pair-objects xx, x1y and xy, y1y.

Don’t jump to over-interpreting the notation here. The angle-brackets might

remind you of some standard set-theoretic construction of ordered pairs. But

all we need for a pairing scheme are some objects to ‘code’ for pairs together

with interlocking pairing and unpairing functions. For example, if the objects G

and G1 are in both cases the natural numbers, then we could perfectly well take

7



Groups, and categories of groups

suitable pair-objects xm,ny to be the numbers 2m3n, with the obvious pairing

and unpairing functions. What matters about pair-objects is not their intrinsic

nature but the role they serve in a pairing scheme.

With Defn. 3 to hand, we can now define the notion of a product group:

Definition 4. Suppose we have the groups G and G1, i.e. pG, ˚, eq and pG1, ˚1, e1q,

together with some pairing scheme which maps x ε G and x1 ε G1 to a pair-object

xx, x1y. Let H be the resulting pair-coding objects. Define d “ xe, e1y, and define

multiplication of pairs componentwise, so xx, x1y ‹ xy, y1y “ xx ˚ y, x1 ˚1 y1y. Then

pH, ‹, dq form a group, a product of the groups G and G1 (which we can notate

G ˆ G1). 4

It is routine to check that pH, ‹, dq really do form a group.

For a very simple example, suppose J is a group comprising just the two

objects e, j. If K1 is to be a product of J with itself, it will need to comprise

four distinct objects xe, ey, xe, jy, xj, ey, xj, jy, with the first of these objects

being the group identity. For brevity’s sake, call these four pair-objects 1, a, b, c

respectively. K1’s group operation ‹ is then defined by the following table (read

the table entry as giving the value of row-object ‹ column-object):

‹ 1 a b c

1 1 a b c

a a 1 c b

b b c 1 a

c c b a 1

The symmetry of the table reflects the fact that K1 is abelian.

Note that we speak here of ‘a’ product of J with itself, not ‘the’ product.

Why? Because there are unlimitedly many alternative schemes for coding pairs

of objects, and different schemes will give rise to different product groups. In

this present example, any four distinct objects we like can play the role of the

required pair-objects, as long as we have pairing and unpairing functions to

match. However, the resulting different groups will be equivalent-as-groups: any

way of forming a product group from a two-object group and itself gives us a

group describable by reinterpreting the same table.

The point of course generalizes. Products G ˆ G1 produced by using different

pairing schemes will always be equivalent, in a familiar sense we’ll clarify shortly.

(c) Now for a third, rather more interesting, way of forming new groups. We

start with another general idea, and define a quotient scheme:

Definition 5. A scheme for quotienting the objects G by the equivalence relation

„ defined over G provides

(i) some quotient-objects Q (which can be any suitable objects, which may or

may not be among G),

(ii) a unary function which we can notate ‘r s’ which sends x ε G to a quotient-

object rxs ε Q (with every object among Q being some such rxs), where

(iii) for all x, y ε G, rxs “ rys iff x „ y. 4
8



2.3 New groups from old

So rxs behaves in the crucial respect like an „-equivalence class containing x.

But note, just as pair-objects in pairing schemes do not have to be sets, we

similarly do not require rxs to be an equivalence class or other set. For example,

take the integers Z and consider the equivalence relation ”8, i.e. congruence

mod 8. Then we can simply put rxs to be the remainder when x is divided by

8, and trivially rxs “ rys iff x ”8 y. Again, what matters about quotient-objects

is the role they serve in a quotienting scheme. (And as with the parallel point

about pairs, this point about quotients illustrates what will turn out to be an

important motif of category theory.)

We can now define the notion of a quotient group. Suppose we take a group

and find some objects which ‘behave equivalently’ in the group. Then we can,

as it were collapse these objects together, giving us a new group of ‘collapsed’

objects. Less metaphorically, let’s say

Definition 6. Given a group G, i.e. pG, ˚, eq, then „ is a congruence relation for

the group iff it is an equivalence relation on the group objects which respects

the group structure of G. In other words, for any objects x, y, z ε G, given x „ y,

then x˚z „ y ˚z and z ˚x „ z ˚y (that is to say, ‘multiplying’ equivalent objects

by the same object yields equivalent results).

So „-congruent objects might be said to ‘behave equivalently’ in G. And now

we use a quotient scheme to, as it were, collapse congruent objects together:

Definition 7. Suppose then that we have a group G, i.e. pG, ˚, eq again, with

„ is a congruence relation for the group. And suppose we also have a quotient

scheme for „, which sends x ε G to rxs (so the function notated ‘r s’ ignores the

distinction between congruent objects). Let rGs be all the objects rxs for x ε G,

and put rxs ‹ rys “ rx ˚ ys. Then prGs, ‹, resq also form a group, a quotient of the

original group G with respect to „, which we symbolize G{„. 4

For this definition to work, ‹ has to be a genuine function. So we need to show

that the result of ‹-multiplication does not depend on how we pick out the

multiplicands. In other words – without yet assuming ‹ is a function so we can

trivially substitute identicals! – we need to show that if rxs “ rx1s then (i)

rxs ‹ rys “ rx1s ‹ rys, and (ii) rys ‹ rxs “ rys ‹ rx1s. But for (i), just note that if

rxs “ rx1s, then by definition x „ x1, hence (since „ respects group structure)

x ˚ y „ x1 ˚ y, hence rx ˚ ys “ rx1 ˚ ys, hence by definition rxs ‹ rys “ rx1s ‹ rys.

We derive (ii) similarly.

It remains to check that G{„ form a group with ‹ the group operation. But

that’s straightforward.

Let’s take a quick example. Using Z to denote the integers, pZ,`, 0q form

an additive group, Z for short: and consider again the equivalence relation of

congruence mod 8. This equivalence relation respects the additive structure of

the integers; for if x ”8 y then x` z ”8 y ` z and z ` x ”8 z ` y. As suggested

before, we can take our quotient scheme for this equivalence relation simply to

send x to the remainder on dividing x by 8; this gives us as quotient-objects the

9
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eight numbers from 0 to 7, call them 8. Then p8,`8, 0q evidently form a group

(where `8 is addition mod 8), which is a quotient Z{”8.

Two points to note. First, for the definition of ‹ to be in good order and

provide a group operation on rGs, it is essential that the equivalence relation

„ on G which defines rGs is not just any old equivalence relation, but is a

congruence respecting the group structure on G.

Second, we again talk of ‘a’ quotient group rather than ‘the’ quotient group.

There will be many ways of finding quotient schemes for „, hence many alter-

native pluralities rGs from which to build a quotient group G{„ (though, as with

product groups, quotient groups constructed using different quotient schemes

will all ‘look the same’).

2.4 Group homomorphisms

(a) Let’s now equally briskly recall some basic facts about structure-respecting

maps between the groups.

Definition 8. A group homomorphism from the group pG, ˚, eq as source to the

group pH, ‹, dq as target is a function f defined over G with values among H

such that:

(i) for every x, y ε G, fpx ˚ yq “ fpxq ‹ fpyq,

(ii) fpeq “ d. 4

So a homomorphism sends products in the source group to corresponding prod-

ucts in the target group. It similarly sends the identity object in the source group

to the identity in the target group.

Since fpxq ‹ fpx´1q “ fpx ˚x´1q “ fpeq “ d, and similarly fpx´1q ‹ fpxq “ d,

fpx´1q is the inverse of fpxq. In other words, a homomorphism also sends inverses

to inverses.

Thought of simply in its role of mapping objects to objects, the function

f : G Ñ H is said to be the underlying function of the homomorphism. When

thought of in its role as a structure-respecting homomorphism we can use the

notation f : pG, ˚, eq Ñ pH, ‹, dq, or f : G Ñ H.

(b) Some initial trivial examples:

(1) Let pG, ˚, eq form a group G, and let 1 be any one-object group. Then there

is a homomorphism f : G Ñ 1, which sends every object among G to the

sole object of the target group. And this is the unique homomorphism from

G to 1.

(2) Likewise, there is a homomorphism g : 1 Ñ G which sends the single object

of 1 to the group identity of G. And this is the unique homomorphism from

1 to G.

(3) Relatedly, there is always a ‘collapse’ homomorphism h : G Ñ G which

sends every G-object to its group identity e.

10
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These cases remind us that, although homomorphisms are often described as

preserving group structure, this doesn’t mean replicating all structure. A homo-

morphism from G to H can compress many or most aspects of G’s structure

simply by mapping distinct G-objects to one and the same H-object. It really is

better, then, to talk of homomophisms as respecting group structure.

Three more elementary examples:

(4) There is a homomorphism from Z, the additive group of integers pZ,`, 0q,
to any two object group J which sends even numbers to J ’s identity, and

sends odd numbers to J ’s other object. The underlying function here is

surjective but not injective.

(5) There is a homomorphism from Z to Q, the additive group of rationals

pQ,`, 0q, which sends an integer n to the corresponding rational n{1. As

a function from Z to Q, this is injective but not surjective.

(6) Let R be the real numbers, and C˚ the non-zero complex numbers. The

reals form a group under addition, and the non-zero complex numbers form

a group under multiplication. Define j : pR,`, 0q Ñ pC˚,ˆ, 1q by putting

jpxq “ sinx ` i cosx. Then we have a homomorphism whose underlying

function is neither injective nor surjective.

(c) Let’s pause to see what can be said about group homomorphisms in general,

various though they have already proved to be.

Theorem 1. (1) Any two homomorphisms f : G Ñ H, g : H Ñ J , with the

target of the first being the source of the second, will compose to give a

homomorphism g ˝ f : G Ñ J .

(2) Composition of homomorphisms is associative. In other words, if f, g, h

are group homomorphisms which can compose so that one of h ˝ pg ˝ fq

and ph ˝ gq ˝ f is defined, then the other composite is defined, and the two

composites are equal.

(3) For any group G, there is a trivial identity homomorphism 1G : G Ñ G
which sends each object to itself. Then for any f : G Ñ H we have f ˝1G “

f “ 1H ˝ f .

Proof sketch. For (1) we simply take g ˝ f (‘g following f ’) applied to an object

x ε G to be gpfpxqq and then check that g˝f so defined does satisfy the condition

for being a homomorphism given that g and f do.

For (2), associativity of homomorphisms is inherited from the associativity of

ordinary functional composition for the underlying functions.

(3) is also immediate.

(d) Note the important fact that this, our very first theorem, is not a mere

logical consequence of our definitions of groups and group homomorphisms. Our

proof sketch plainly depends on invoking background assumptions about func-

tions, such as the assumption that functional composition is associative.

11
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And so it goes. Almost nothing in group theory just follows from the definitions

alone!

2.5 Group isomorphisms and automorphisms

(a) Now we highlight the special case where the underlying function of a homo-

morphism is both injective and surjective, so it gives rise to a nice one-to-one

correspondence between two groups (or between a group and itself).

Definition 9. A group isomorphism f : G ÝÑ„ H is a homomorphism where

the underlying function is a bijection between the respective objects of the two

groups.

We say that the groups G and H are isomorphic as groups iff there is a group

isomorphism f : G ÝÑ„ H, and then write G » H
A group automorphism is a group isomorphism f : G ÝÑ„ G whose source and

target are the same. 4

Again, let’s have some elementary examples:

(1) Any two two-object groups are isomorphic. Take e, j equipped with the

only possible group operation ˚, and e1, j1 equipped with ˚1. Then the map

which sends the group identity e to the group identity e1 and sends j to j1

is obviously a group isomorphism.

(2) There are two automorphisms from the additive group pZ,`, 0q to itself.

One is the trivial identity homomorphism; the other is the function which

sends an integer j to ´j.

(3) There are infinitely many automorphisms from the group pQ,`, 0q to itself.

Take any non-zero rational q: then the map x ÞÑ qx ‘stretches/compresses’

the rationals, perhaps reversing their order, while still preserving additive

structure.

(4) Let K2 be the group consisting in 1, 3, 5, 7 equipped with multiplication

mod 8 as the group operation. And let K3 be the group of symmetries

of a non-equilateral rectangle whose four ‘objects’ are the operations of

leaving the rectangle in place, vertical reflection, horizontal reflection and

rotation through 180˝, with the group operation being simply composition

of geometric operations. Then K2 » K3.

The easiest way to see this is by constructing the abstract ‘multiplica-

tion table’. First, take 1, a, b, c to be respectively the numbers 1, 3, 5, 7,

and take ‹ to be multiplication mod 8. Second, take 1, a, b, c to be the

geometric operations on a rectangle in the order just listed and take ‹

to be composition. Both times we get the same table as for K1 that we

met in §2.3. Matching up the two new interpretations of 1, a, b, c and the

two corresponding interpretations of ‹ gives us the claimed isomorphism

f : K2 ÝÑ
„ K3. By the same reasoning, both groups are isomorphic to K1.

12
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This illustrates an obvious general point. Groups that can interpret the

same ‘multiplication table’ are isomorphic; conversely, isomorphic groups

can be described by the same (possibly infinite) table.

(5) In defining a product of two groups, we were allowed to invoke any scheme

for coding pairs of objects from the two groups. But whichever scheme we

choose, the resulting product (I said) will ‘look the same’, and have the

same multiplication table. We can now put it like this: suppose H1 and H2

are both products G ˆ G1; then H1 » H2.

Why? Just take the bijection which sends the pair-object xx, x1y1 which

pairs x ε G and x1 ε G1 according to the pairing scheme used in construct-

ing H1 to the corresponding pair-object xx, x1y2 formed according to the

pairing scheme used in constructing H2. This is trivially seen to be a group

isomorphism from H1 to H2.

Likewise, suppose H1 and H2 are different quotients of a group G with

respect to a congruence relation „, different because they rely on different

quotient schemes for, in effect, representing „-equivalent classes of objects

from G. Take the bijection that sends the quotient-object rxs1 according

to the first quotient scheme to the corresponding object rxs2 according to

the second scheme. Then by a similar argument we again have H1 » H2.

(b) Another very easy result, for future reference:

Theorem 2. A group homomorphism f : G Ñ H is an isomorphism iff it has a

two-sided inverse, i.e. there is a homomorphism g : HÑ G such that g ˝ f “ 1G
and f ˝ g “ 1H.

Proof. Suppose f : pG, ˚, eq Ñ pH, ‹, dq is an isomorphism. Then the underlying

function f : G Ñ H is a bijection and has a two-sided inverse g : H Ñ G. We

now need to show that this inverse function g gives rise to a homomorphism

g : pH, ‹, dq Ñ pG, ˚, eq. But since f is a homomorphism, pfgx‹fgyq “ fpgx˚gyq;

and so, since g is a two-sided inverse for f , we have gpx ‹ yq “ gpfgx ‹ fgyq “

gfpgx ˚ gyq “ gx ˚ gy. In addition, as required, gd “ gfe “ e.

Conversely, suppose f is a homomorphism with a two-sided inverse. Then its

underlying function must have a two-sided inverse; but it is a familiar elementary

result that a function with a two-sided inverse is a bijection.

Evidently, a group is isomorphic to itself (by the identity homomorphism)

and the composition of two group isomorphisms is again an isomorphism. Given

that isomorphisms are homomorphisms with two-sided inverses which are homo-

morphisms, it is also immediate that the inverse of an isomorphism is also an

isomorphism. Therefore, just as we would want,

Theorem 3. Being isomorphic is an equivalence relation between groups. l

13
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2.6 Another way of forming new groups from old

Take any group G and consider its automorphisms AutG . There is of course at

least one such automorphism, namely the identity map 1G . Note too that any

two of G’s automorphisms f, g compose to give us a new automorphism g ˝ f .

Composition here is associative. And we’ve just noted that isomorphisms in

general, and hence automorphisms in particular, have inverses with respect to

composition. Hence:

Theorem 4. For any group G, pAutG , ˝, 1Gq form a group, the automorphism

group of G, AUT pGq. l

For example, we’ve already remarked that there are exactly two automor-

phisms from Z “ pZ,`, 0q to itself; so AUT pZq is a two-object group. And what

is the automorphism group of that two-object group? A trivial one-object group.

And since ‘stretching/compressing by a non-zero rational’ is an automorphism

for the additive group Q “ pQ,`, 0q, and such operations can be composed

by multiplying the stretching factor, the corresponding automorphism group

AUT pQq will be isomorphic to the multiplicative group of non-zero rationals.

For one more example, look at the ‘multiplication table’ for K1 again. We see

that if we swap the three entries a, b, c around, we keep the same structure. So

AUT pK1q will be a group of permutations of three objects. And what does the

automorphism group of that look like? It turns out to be the same again, a group

of permutations of three elements. What fun!

2.7 Homomorphisms and constructions

In §2.3 we considered some basic ways of forming new groups from old, yielding

subgroups, product groups and quotient groups. In §2.4 we introduced structure-

respecting maps between groups. We now bring the two themes together, fore-

shadowing an absolutely central motif of category theory.

(a) For the simplest case, start by noting how homomorphisms give rise to

subgroups and vice versa.

Theorem 5. For any homomorphism f : G Ñ H, the f-image of G is a subgroup

of H. Conversely, for every subgroup of H, we can pick a G and homomorphism

f : G Ñ H such that the relevant subgroup is the f-image of G.

Proof. Given a group homomorphism f : pG, ˚, eq Ñ pH, ‹, dq, let f rGs be the

objects which are f -images of objects among G, so they include d, i.e. fpeq.

Then pf rGs, ‹, dq form a group, which we can denote fpGq and which will be a

subgroup of H. Why?

(i) Suppose y1, y2 ε f rGs. By assumption, these objects are f -images of

some objects x1, x2 ε G. So we have y1 ‹ y2 “ fx1 ‹ fx2 “ fpx1 ˚ x2q, and hence

y1 ‹ y2 ε f rGs as required.

14
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(ii) Since ‹ is associative and d an identity for that operation, it only remains

to show that if y ε f rGs then its inverse is in f rGs too. But y is by assumption

fpxq for some object x ε G, and homomorphisms send inverses to inverses. So

the inverse of y, i.e. pfxq´1, is fpx´1q and hence is in f rGs.

That establishes the first half of our theorem. For the converse half, we can

just note that any subgroup G of H gives rise to a trivial injection map i : G Ñ H
which sends an object in G to the very same object now considered as an object

of H.

Hence we can characterize the subgroups of a given group H in terms of group-

homomorphisms with the target H. Putting it roughly, then, we can trade in

claims about what goes on inside various groups when forming subgroups for

claims about corresponding homomorphisms between groups.

(b) I’ll quickly mention another essential link between homomorphisms and

subgroups.

We start by noting another important idea (which will be very familiar if you

have done even a little group theory):

Definition 10. pN, ˚, eq is a normal subgroup of pG, ˚, eq iff it is a subgroup and,

for any n ε N and any g ε G, g ˚ n ˚ g´1 ε N.

As a first illustration, we have the following little result:

Theorem 6. If „ is a congruence relation on pG, ˚, eq and N are the objects

which are „-equivalent to e, then pN, ˚, eq is a normal subgroup of pG, ˚, eq.

Proof. We need to check that pN, ˚, eq in fact form a group. So first, we need to

show that if n, n1 ε N , then their group product n ˚ n1 ε N . But by assumption

n „ e, and so by Defn. 7, the definition of congruence, n ˚ n1 „ e ˚ n1. But

e ˚ n1 “ n1 and by assumption n1 „ e. Hence n ˚ n1 „ e, and so n ˚ n1 ε N .

A similar argument shows that if n ε N then n´1 ε N . And trivially N

contains the group identity. So pN, ˚, eq do indeed form a group.

To establish normality, we need to show that if n ε N then so is g ˚n ˚ g´1 for

any group object g. But „ is a congruence and by definition n „ e; therefore we

know that g ˚n „ g ˚ e “ g. Hence by congruence again g ˚n˚ g´1 „ g ˚ g´1 “ e,

as required.

And now the result linking homorphisms to (normal) subgroups:

Theorem 7. Suppose f : pG, ˚, eq Ñ pH, ‹, dq is a group homomorphism, and let

K be the objects among G which f maps to the identity d in H. Then pK, ˚, eq

form a normal subgroup of pG, ˚, eq, the kernel of f .

Proof. We need to show first that K are in fact closed under the group operation

˚. But suppose k1, k2 ε K. Then fpk1 ˚ k2q “ fk1 ‹ fk2 “ d ‹ d “ d. Hence

pk1 ˚ k2q ε K.

By the definition of a homomorphism, fpeq “ d, so the identity e ε K. Then

recall that homomorphisms send inverses to inverses. Therefore if fpkq “ d, then
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fpk´1q “ d´1 “ d; so the inverse of an object among K is also one of the objects

K. Hence pK, ˚, eq form a subgroup of pG, ˚, eq.

For normality, we simply note that for any k ε K and g ε G, fpg ˚ k ˚ g´1q “

fpgq ‹ fpkq ‹ fpg´1q “ fpgq ‹ d ‹ fpgq´1 “ d, so g ˚ k ˚ g´1 ε K as required.

There is a converse theorem too, that every normal subgroup for a group G is

the kernel of some homomorphism with the source G.

So again, we can trade in claims about what goes on inside various groups,

making them normal subgroups, for claims about corresponding homomorphisms

between groups.

(c) I’ll skip past product groups for now, and next consider quotient groups

arising from suitable equivalence relations. We then have the following result:

Theorem 8. Given a group homomorphism f : G Ñ H, and x, y among G’s

objects, put x „ y iff fx “ fy. Then „ is a congruence on G, and fpGq, the

f -image of the group G, is a quotient group G{„. Conversely, given a quotient

group of G with respect to a congruence relation „, we can find a group H and

homomorphism f : G Ñ H, such that G{„ is fpGq.

Proof. The relation „ of being equalized-by-f is trivially an equivalence relation.

But we need to check that „ respects G’s group operation ˚ so that G{„ exists.

In other words, we need to show that for any group objects x, y, z, given x „ y,

then (i) x ˚ z „ y ˚ z and (ii) z ˚ x „ z ˚ x. But for (i), if x „ y, then fx “ fy,

hence fpx ˚ zq “ fx ‹ fz “ fy ‹ fz “ fpy ˚ zq, hence x ˚ z „ y ˚ z (here, ‹ is of

course H’s group operation). Case (ii) is exactly similar.

By the definition of „, the f -images of objects among G act like quotient-

objects with respect to „; so it is immediate that fpGq is a quotient group G{„.

For the converse result, suppose G{„ is a quotient of G with respect to some

equivalence relation „, with f„ : x ÞÑ rxs giving us the relevant quotient scheme.

Then f„ : G Ñ G{„ is easily checked to be a homomorphism, and f„pG) is the

whole of G{„.

So again we can trade in claims about the structure of certain groups, this time

about their quotient structure, for corresponding claims about homomorphisms

between groups.

And note further that this trade reveals something that was not obvious be-

fore, namely that there is a kind of duality between quotient groups and sub-

groups: given a homomorphism f : G Ñ H, fpGq is a quotient of G and a subgroup

of H.

(d) Similarly, it turns out that claims about the structure of product groups

can also be traded in for claims about corresponding homomorphisms between

groups. But I’ll leave the proof of this for later. For now, I’ll just flag up again

the key general point that these sorts of trades – i.e. trades between claims about

the ‘internals’ of structures and claims about ‘external’ maps between structures

– will turn out to be a pivotal theme of category theory.
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2.8 ‘Identical up to isomorphism’

2.8 ‘Identical up to isomorphism’

Let’s pause over another important point. We have met the groups K1,K2,K3

which are isomorphic to each other. They are also isomorphic to any other group

whose four objects can be labelled 1, a, b, c in such a way that the same ‘multi-

plication table’ in §2.3 applies again. Call such groups Klein four-groups.

And note, the way in which the various Klein four-groups might differ from

each other, namely in the internal constitution of their various objects, is not

relevant to their core behaviour as groups, for that depends just on the functional

relations between the objects induced by the group operation. In other words,

despite the differences between their objects, the groups are the same at least

as far as their structural properties – i.e. the properties as determined by their

shared ‘multiplication table’ – are concerned.

A bit of care is needed in describing the situation, however. Consider, for

example, the following from a rightly well-regarded algebra text:

The groups G and H are isomorphic if there is a bijection between

them which preserves the group operations. Intuitively, G and H are

the same group except that the elements and the operations may be

written differently in G and H. (Dummit and Foote 2004, p. 37)

But that surely isn’t a happy way to putting things. We have just reminded

ourselves that K1, K2 and K3 are isomorphic groups. But K2, for example,

comprises four numbers as its objects, and K3 comprises four operations on a

non-equilateral rectangle; and there is no reasonable sense in which numbers and

geometric operations can be thought of as the same things ‘written differently’. If

anything, then, it is exactly the other way around: we have here distinct groups

comprising different elements and different group operations which, however,

can be ‘written the same’, being represented by the same table under different

interpretations.

A seemingly rather happier, and certainly widely used, way of putting things

is this: our Klein groups K1, K2 and K3 are identical up to isomorphism. And for

many purposes, group theory can simply ignore the differences between groups

which are identical up to isomorphism. Hence the frequently encountered talk of

‘the’ Klein group.

We will eventually have to return to the question of quite what such talk can

amount to.3

3To fly a kite: Occasionally, we meet versions of the the idea that, as well as ‘concrete’
Klein groups, i.e. Klein groups whose elements have an independent nature (which could be
numbers, pairs of numbers, rotations and reflections, whatever), there is also a more purely
‘abstract’ Klein group. This has the right multiplication table, but is supposedly built up from
objects with no properties at all over and above being sent to each other by the group operation
according to the given table. And then it is this group comprising these abstract de-natured
elements which is then said to be, properly speaking, the Klein group.

But does this suggestion really make sense?
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2.9 Categories of groups

(a) That will do by way an initial review of some basic facts about groups

and homomorphisms between them. Let’s now ask: given some groups and some

homomorphisms between them, what does it take for these to form a structured

family which counts as a category of groups?

We impose just two very natural conditions. First, the homomorphisms in the

category should be closed under composition. If f can take us from G1 to G2,

and g takes us from G2 to G3, then we want g ˝ f to be available to take us from

G1 to G3. And second, for each of the groups in the category, its trivial identity

homomorphism needs to be included. And that’s all it takes: it really is that

simple!

Still, let’s say the same thing again, but this time in more laborious detail,

for clarity’s sake:

Definition 11. A category of groups comprises

(1) some groups Grp, and

(2) some homomorphisms Hom,

where these are governed by the following conditions:

Sources and targets If f : G Ñ H is among Hom, then both its source G and its

target H are among Grp.

Composition If f : G Ñ H, g : H Ñ I are both among Hom, where the target

of f is the source of g, then g ˝ f : G Ñ I is also among Hom.

Identity homomorphisms If G is among Grp, the corresponding identity homo-

morphism 1G : G Ñ G is among Hom.

Further, we have:

Associativity of composition. For any f : G Ñ H, g : H Ñ I, h : I Ñ J among

Hom, h ˝ pg ˝ fq “ ph ˝ gq ˝ f.

Identity homomorphisms do behave as identities. For any f : G Ñ H among

Hom, f ˝ 1G “ f “ 1H ˝ f . 4

Of course, we know the last two conditions will automatically be satisfied because

of Theorem 1. But I’m (redundantly) mentioning those conditions again here so

that our definition of categories of groups matches up nicely with our general

definition of categories in Chapter 4.

(b) Just as groups are many and various, so too are categories of groups. For

example, a single group G together with its identity homomorphism 1G : G Ñ G
counts as a trivial category of groups. So too does any uncommunicative bunch

of groups equipped only with their identity homomorphisms.

But those are very unexciting cases! Things can get more interesting when

the groups in a category start to communicate (so to speak).

Consider next, then, the category which collects all the finite groups whose

objects are some natural numbers together with all the isomorphisms between

those groups. Now there is a bit of structure to the category, with the isomorphic

groups at least connected together by the maps between them. But this is still
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of relatively little interest: we have different islands of isomorphic groups, and a

group inhabiting one island knows nothing about groups inhabiting other islands.

So let’s move on to consider the category comprising those same finite groups

but this time combined with all the homomorphisms between them (whether

isomorphisms or not). And now non-isomorphic groups can ‘see’ each other. So

we have enough homomorphisms in play to be able e.g. distinguish the one-

object groups in the category by saying that these are the groups which have

one and only one homomorphism to and from every other group, as noted in

§2.4. We can also use these homomorphisms to tell a story about e.g. subgroups

and quotient groups living in the category, as indicated in our preliminary sketch

in §2.7. Developing this sort of story will be a primary item of business in the

coming chapters.

(c) And there will be lots more categories of groups – e.g. the category of sym-

metry groups of finite regular polygons and the homomorphisms between them,

the category of infinite abelian groups of natural numbers and their homomor-

phisms, and so on and so forth.

Now those categories, those relatively small-scale families-of-structures, are

all tamely unproblematic. But now let’s ask: will there also be a mega-category

of all groups and all the homomorphisms between them?

Good question! To get a handle on it, there are some troublesome issues we

need to tangle with, at least in a preliminary way. Let’s make them the business

for the next chapter.

2.10 Other families of structures?

Now, we could pause here to consider at similar length another family of struc-

tures or two.

For example, we could have a chapter on the lovely example of topological

spaces. There will be many obvious parallels in the story. We would again meet

appropriate notions of substructures, products and quotients. We would meet

the structure-respecting continuous maps between two spaces, and the contin-

uous maps with continuous inverses which make for topological isomorphisms.

We could talk too about the way that we can trade in some claims about the

structure of spaces for claims about the availability of continuous maps between

spaces. And so on.

However, although this would be an instructive exercise, I’ve decided with

some regrets to skip doing this. Those who already know a bit of topology prob-

ably won’t need the parallels spelt out. While for those who don’t have enough

background, a fair amount of motivational scene-setting would be required to

make the story seem natural, and that would slow us down just when we are

getting rather impatient to find out more about categories. So let me press on.
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Where do mathematical structures live? Where do groups, and the families of

interconnected groups that form categories of groups, live? ‘In the universe of

sets’, comes the speedy standard reply.

But let’s not rush on too fast. It’s well worth pausing to think a little about

what this conventional answer buys us. And is it in fact compulsory to go set-

theoretic?

3.1 Sets, virtual classes, plurals

(a) Following Cantor, I’ll understand a set – strictly so called – to be a single

object, a thing in itself over and above its members (so the ‘set of’ operator

takes zero, one, or many things, and outputs a distinct new thing).

However, if this is the guiding conception, then the first thing to say is that a

great deal of elementary informal talk of sets or classes is really no more than a

façon de parler. Yes, it is a useful and now very familiar idiom for talking about

many things at once. But in a whole range of elementary contexts informal talk

of a set or class doesn’t really carry any serious commitment to there being any

additional object over and above those many things. In other words, singular

talk of the set/class of Xs can very often be traded in without loss for plural

talk of the Xs.

Here is Paul Finsler writing a century ago, emphasizing the key distinction

we need (and adding a bit of linguistic stipulation):

It would . . . be inconvenient if one always had to speak of many

things in the plural; it is much more convenient to use the singular

and speak of them as a class. . . . A class of things is understood

as being the things themselves, while the set which contains them

as its elements is a single thing, in general distinct from the things

comprising it. . . . Thus a set is a genuine, individual entity. By con-

trast, a class is singular only by virtue of linguistic usage; in actuality,

it almost always signifies a plurality. (Finsler 1926, p. 106, quoted in

Incurvati 2020, p. 3.)

Finsler writes ‘almost always’, I take it, because a class term may in fact denote

just one thing, or even – perhaps by misadventure – none.
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Nothing at all hangs, of course, on the stipulative choice of the particular words

‘set’ vs ‘class’ to mark the distinction. What matters is the contrast between

uneliminable talk of sets in Cantor’s sense of entities in their own right and, on

the other hand, non-committal and eliminable talk. And here is Quine making

the key point in a later and more famous passage:

Much . . . of what is commonly said of classes with the help of ‘P’

can be accounted for as a mere manner of speaking, involving no real

reference to classes nor any irreducible use of ‘P’. . . . [T]his part of

class theory . . . I call the virtual theory of classes. (Quine 1963, p. 16)

This same usage plays an important role in set theory itself in some treatments of

so-called ‘proper classes’ as distinguished from sets. For example, in his standard

book Set Theory, Kenneth Kunen writes

Formally, proper classes do not exist, and expressions involving them

must be thought of as abbreviations for expressions not involving

them. (Kunen 1980, p. 24)

But, just to complicate matters, other developments of set theory do allow for

proper classes (classes which are ‘too big to be sets’) to count as entities in

their own right. So we can’t reliably use ‘class’ and be expect to be understood

in Finsler’s way. For occasional later use, then, let’s equally stipulatively adopt

‘plurality’ instead, for when we want to speak in the singular about perhaps

many things at once without committing ourselves to an entity over and above

those many things.

(b) Note, thought, that Finsler rather exaggerates the supposed inconvenience

of plural talk. There is nothing at all unusual or forced about the use of plural

terms in mathematics. Consider, for example, terms such as ‘the complex fifth

roots of 1’, ‘the real numbers between 0 and 1’, ‘the points where line L intersects

curve C’, ‘the finite groups of order 8’, ‘the premisses’ (of a certain argument),

‘Hilbert’s axioms for geometry’, ‘the symmetries of a rectangle’, ‘the ordinals’,

etc., etc. Mathematicians habitually use such terms which, taken at face value,

refer plurally, to many things; and they use them without the slightest sense of

strain or impropriety.

And don’t be tempted by the thought that, all the same, we should really

construe informal plural talk about the X’s as disguised singular talk referring

to the set of X’s.

You in fact already know that we can’t always construe talk of the Xs, plural,

as being about some corresponding set of Xs. We can’t, for example, trade in

universally generalizing plural talk about the ordinals for singular talk about the

set of ordinals because there is no set of ordinals (there are as many ordinals as

sets – set-many, for short – and that is too many to form a set, at least according

to standard set theories). And leaving aside such cases, eliminating plural talk

in favour of singular talk of sets turns out to be impossible to do systematically

without a lot of ad hoc and implausible contortions.
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It would be far too distracting to pursue the detailed arguments here. But the

headline proposition is that plural talk is in perfectly good logical order as it is,

without needing to be re-interpreted as referring to sets in anything like Cantor’s

sense. And that is still true, even if your measure of being in good logical order

is formalizability.1

(c) Why am I fussing about this last point? Because when we turn to talking

about categories, we’ll find that a lot of interesting examples are large in the

sense that they comprise too many structures and too many maps between them

to form sets (at least on the usual story about sets). So we can’t in general define

a category as a set of structures suitably equipped with maps between them.

One option would be to talk instead of a class of structures, a virtual class,

Finsler/Quine-style. But it is less likely to lead to confusion if, at least here

at the beginning of our discussion of categories, we use frankly plural idioms.

That’s in fact what I did at the end of the last chapter, when I defined the idea

of a category of groups.

3.2 One ‘generous arena’ in which to pursue group theory

(a) Back now to our initial presentation of some elementary group theory in

the last chapter. There too I proceeded cheerfully in a plural idiom and simply

avoided talk of sets.

Of course, this was the mildly deviant aspect of the mode of presentation. I

used the likes of ‘G’ as a plural variable, to pick out some objects, and defined a

group as comprising some objects G suitably equipped with a group operation.

Conventionally, we would instead deploy ‘G’ as a singular term, picking out a

set, and define a group as consisting in a set endowed with a group operation.

Instead of writing ‘x ε G’ to say that x is among the objects G (plural) we would

conventionally write ‘x P G’ to say that x belongs to the set G (singular). And

so on. But would this invocation of sets be doing any real work here?

I’m with Paulo Aluffi, who explicitly acknowledges at the beginning of his fine

book Algebra, Chapter 0 that the informal set idiom which he adopts in the book

is actually “little more than a system of notation and terminology” (Aluffi 2009,

p. 1). That seems right. The story of elementary group theory will unfold in the

same way in either system of notation and terminology, whether we habitually

use (potentially eliminable) singular talk of sets or classes or pluralities, or use

frankly plural talk: part of the point of the last chapter was to make this claim

seem tenable.

Still, even if we grant that we can get a considerable way into informal group

theory without explicitly referring to sets, some might well argue that this a

merely superficial point, because there is a sense in which a theory of sets is still

essentially required to be there in the background. Why so?

1For a lot more on why we shouldn’t try to eliminate plurals, and for an extended formal
treatment of how to argue with plural terms and plural quantifiers, taking them at face value,
see e.g. Oliver and Smiley (2016).
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3.2 One ‘generous arena’ in which to pursue group theory

(b) As we noted before, even as soon as we reach our trite Theorem 1 in the

last chapter, we are in fact going beyond the mere logical consequences of our

definitions of groups and group homomorphisms. So what do we in fact need to

bring to the table to get group theory going? Answer:

(i) the usual mathematical stock-in-trade of a body of assumptions about

functions, together with

(ii) a repertoire of available constructions.

For example, we assume that functions always do compose when they can (i.e.

when the target of the first is the source of the second), and that composition is

associative. We assume that a function with a two-sided inverse is a bijection. We

assume that it makes determinate sense e.g. to talk about all the permutations

of some given objects, or all the automorphisms on a given group. And so on,

and so forth. These, of course, look pretty unproblematic assumptions – but they

are needed all the same.

Again, we typically assume that we can construct what will serve as ordered

pairs ad libitum; and we assume that whenever an equivalence relation partitions

some objects we can somehow represent these partitions. More carefully, in our

earlier terms, we assume pairing schemes and quotient schemes are available

whenever we want them. And going forward, we will assume that we can not

only construct pairs, triples, and finite tuples more generally, but we can form

infinite sequences too. We also need to assume that we can freely construct

multiple ‘copies’ of whatever structures we already have. And so on, and so

forth again.

That’s all pretty vague, but quite intentionally so. I am simply gesturing

at the way that standard textbook developments of group theory simply help

themselves from the outset to a bunch of unproblematic background assumptions

as needed as we go along. Fair enough. But what if we want to start getting more

explicit and methodical about these background assumptions? Suppose we want

to regiment these assumptions and organize them into a neat package – what

package would suffice?

(c) Shelve that question for just a moment, and consider a different issue arising

from what we earlier said about groups.

Here’s what seems a silly question. I cut out a cardboard non-equilateral

rectangle: have I hereby brought into a being a new Klein four-group, the group

of this new rectangle’s own (approximate!) rotation/reflection symmetries?

Well, we were previously entirely permissive about where we can find our

groups: on our definition, we just need some new objects (in a very broad sense)

and a suitable operation on them, and then we get a new group. But on the other

hand, a new physically realized Klein group is surely neither here nor there as

far as the mathematics of groups is concerned. As I said before, group theory

will for most purposes ignore the differences between groups which are identical

up to isomorphism.

OK: suppose that there is a capacious enough fixed abstract mathematical

universe in which we can implement isomorphic copies of all the different kinds
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of groups we will ever want. Then we just won’t care about any additional copies

of these groups which are (as it were) roaming outside in the wild, or popping

into existence when I cut up a new bit of cardboard (ok, we might well care

about physically realized groups when doing applied mathematics; but we won’t

care for the purposes of pure group theory).

This last thought prompts, then, a more sensible question: where can we find

a suitably rich mathematical universe in which we can construct all the groups

we want?

(d) We have two related questions: what package of assumptions about avail-

able functions and about structure-building constructions will suffice for group

theory? where can we can find (at least copies of) all the groups we want, neatly

corralled together?

And there is of course a very familiar joint answer! The universe of sets pro-

vides exactly the sort of generous arena where there is a plenitude of groups

along with other mathematical structures, together with all the functions and

constructions we want for ordinary mathematical purposes.2 It provides the de-

sired foundation, in one sense, for group theory.

It might reasonably be claimed, therefore, that that is why it is, after all,

entirely appropriate to talk about sets right from the very outset in doing group

theory (for example). Once the wraps are off, once we make explicit the assump-

tions there in the background which we need to get our theory up and running,

we will find that our theory really is set-theoretic through and through.

3.3 Alternative implementations?

Or so the story goes. A moment’s reflection, however, suggests that the argument

rushes on too fast at the end. Yes, a suitable set theory may provide one generous

arena in which we can implement all the gadgets we need in developing group

theory. But why suppose that it the only option?

(a) We are so used to being told that various mathematical widgets and what-

nots are to be defined as sets of one kind or another that it can take a bit of

effort to loosen the grip of that doctrine. Given our overall project, though,

this is worth doing. So let’s backtrack for a moment and focus just on the simple

core case of implementing one-place functions. What’s the standard set-theoretic

story, and is it compulsory?

Fix on some way of implementing ordered pairs as sets, e.g. as Kuratowski

pairs xx, yyK “ ttxu, tx, yuu. Then here is a familiar and entirely unproblematic

definition:

Definition 12. Given a function f that maps objects X into the objects Y ,

f : X Ñ Y , the graph of f is the set f̂ of ordered pairs xx, yyK where x is among

the objects X and y is among Y , and fx “ y. 4

2The phrase ‘generous arena’ is borrowed from the very helpful discussion of the idea of
set-theoretic foundations in Maddy (2017).
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Then an equally familiar orthodoxy, at least in its baldest and most unqualified

form, identifies a function f with its graph f̂ .

However, we really should resist any such outright identification. For a start,

to play on the set-theorists’ own turf for a moment, let’s consider the function

which maps an object to its singleton. Then – by the set-theorists’ own lights –

it doesn’t have a graph: the totality of pairs xx, txuyK , pairing-up every set x

with its singleton, is the size of the universe of sets and so is ‘too big’ to be a set.

Likewise, the function which maps every ordinal to its successor is also ‘too big’

to have a graph. Therefore not all functions can be identified with their graphs.

Just one counterexample is enough to defeat a universal claim. It might be

suggested, though, that the cases where a function relates too many things to

be a set are in some sense rogue cases. So, in a concessive spirit, let’s put such

cases aside for a moment and see where that gets us.

Well, next note that treating a function as a set of ordered pairs involves

arbitrary choices of implementation scheme.

(i) It is arbitrary to fix on Kuratowski’s implementation of pairs. Other set-

theoretic pairing schemes will work just as well.

(ii) Even relative to a choice of pairing scheme, we could equally well model a

function by the set of pairs xy, xy where fpxq “ y, rather than by the set

of pairs xx, yy – and some textbooks do just this. And again other choices

are possible.

However, if various permutations of choices at stages (i) and (ii) are pretty much

as workable as each other, then we surely can’t suppose that – when we choose

to equate a function with its graph as we conventionally just defined it – we have

made the uniquely right choice, i.e. the choice that correctly identifies which set

that function ‘really’ is. And if there is no fact of the matter about which set a

given function is, then we can’t flat-out identify the function with some set such

as its graph.

(b) We can dig deeper: a function and its graph belong to different logical types

– that’s fundamentally why they can’t be identical.

Alonzo Church makes the key observation when he writes that

it lies in the nature of any given [one-place] function to be applicable

to certain things and, when applied to one of them as argument, to
yield a certain value. (Church 1956, p. 15)

For example, a function such as the factorial defined over the natural numbers

is, of its nature, the type of gadget which yields a numerical value for a given

number as argument. By contrast a set doesn’t, of its nature, take an argument

or yield a value. And what applies to sets in general applies e.g. to sets of ordered

pairs of numbers (graphs of numerical functions) in particular.

In insisting on a fundamental type-distinction between functions and objects,

Church is here following Frege, whose metaphor of ‘unsaturatedness’ might be

helpful. The picture is that functions of their nature are ‘unsaturated’, have
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a certain number of empty slots waiting to be filled appropriately when the

function is applied to the right number of arguments. By contrast, an object like

a set is already ‘saturated’, with no empty slots waiting to be filled.

In sum, a set of ordered pairs f̂ can’t by itself do the work of a function

f, taking arguments and yielding output values. As the mathematician Terence

Tao, who has no philosophical axe to grind, briskly puts it in his introductory

book on analysis,

functions are not sets, and sets are not functions; it does not make

sense to ask whether an object x is an element of a function f , and

it does not make sense to apply a set A to an input x to create an

output Apxq. (Tao 2016, p. 51)

Which of course isn’t to deny that we can make use of the graph of a function (a

glorified input-output look-up table) in mapping an input object to an output

value. But to do this, we need to deploy another function, namely a two-place

evaluation function which takes an object x and the graph, and outputs y if and

only if the pair xx, yyK is in the graph. And unless we are planning to set off

on an infinite regress, we had better not seek to again trade in this evaluation

function for another set.

So a function, strictly speaking, isn’t a set. But what we can do in a set-

theoretic environment is implement functions as graphs;3 and we can then trans-

mute a claim about a function into a corresponding set-theoretic claim about

some set of ordered pairs. (Though, to complicate the story, there is typically

another step. Suppose we are considering, say, a one-place function of natu-

ral numbers. Then yes, we can implement this as a set of ordered pairs in a

suitable universe of sets. But these won’t be pairs of numbers – since strictly

speaking numbers aren’t themselves sets either4 – but rather they are pairs of

whatever-sets-we-choose-for-implementing-numbers. So if m̂ is our preferred set-

implementation for the natural number m, a numerical claim fpmq “ n is then

mirrored by a set-theoretic claim of the form xm̂, n̂y P f̂ .)

Similarly, relations strictly speaking aren’t sets either. The only genuine rela-

tion to be found in the world of sets is the set-membership relation; but what

we can do in a set-theoretic environment is implement other relations by their

extensions. So we can then mirror a claim about a relation by a claim about its

extension.

And I’ll say more about the set-theoretic handling of pairs and quotients and

the like in due course.

(c) What is the point of insisting that the story about functions-as-graphs

doesn’t tell us what functions ‘really’ are, but rather reports one way of imple-

menting functions in the universe of sets? Am I just splitting hairs? I hope not!

3No word really seems ideal. Talk of ‘proxies’, ‘surrogates’, ‘representations’ has variously
misleading connotations. I’ll lean mostly to talk of implementation, as that is common enough
and is at least relatively colourless.

4The locus classicus for this point is Paul Benacerraf’s – very readable! – ‘What numbers
could not be’ (1965).
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Rather, as announced, I’m trying to loosen the grip of the standard identifica-

tion of functions with their graphs, and thereby make room for the thought that

there might in fact be other attractive ways of theorizing about the functions of

ordinary mathematics in other foundational frameworks.

And now return to thinking about groups, and families of groups. If the groups

of ordinary group-theory comprise some objects equipped with a suitable binary

function, and binary functions aren’t to be outright identified with sets, then

what we can find in the set-theoretic universe should strictly be speaking be

regarded as implementations of, or proxies for, groups. Fine! This again isn’t for

a moment to deny that these set-theoretic proxies can serve certain theoretical

purposes brilliantly well. I am certainly not in the business of scorning the busi-

ness of implementing mathematical structures in a set-theoretic framework. I am

just emphatically highlighting that we are here in the implementation business.

And looking at things that way, we can more easily see that shouldn’t too hastily

assume that a set-theoretic framework provides the only general arena, the only

foundational framework, in which we can find a plenitude of surrogates or prox-

ies for implementing the mathematical structures and constructions which we

want to regiment and study.

Indeed, we can’t rule out that an alternative choice of general framework might

even do the job rather better in some respects (maybe with different costs and

benefits accruing to the different choices). For example, treating all mathemat-

ical widgets and whatnots as if they are sets seemingly gives rise to such daft

questions as ‘is the square root function for complex numbers a member of π?’.

We can block such foolish questions by using some type-disciplined framework

which more strongly distinguishes types of entities in our mathematical universe

in the way that practicing mathematicians habitually do: so a modern type the-

ory could be the way to go. Or perhaps an approach which is category theoretic

in flavour will be illuminating. Here’s the logician Dana Scott, thinking about

functions in particular:

What we are probably seeking is a ‘purer’ view of functions: a theory

of functions in themselves, not a theory of functions derived from

sets. What, then, is a pure theory of functions? Answer: category

theory. (Scott 1980, p. 406)

Scott quickly goes on to remark that the general notion of a category won’t give

us enough. But arguably a topos (that’s a particularly sort of category which we’ll

eventually meet) does provide another sort of universe in which we can regiment

much of our ordinary mathematics. Such suggestions would be very puzzling if

we have already jumped too quickly to assuming that ordinary mathematics is

already quite fixedly set-theoretic through and through.5

5It should be noted – though we can’t really pursue this interesting theme here – that
different frameworks, giving us different theories of functions, can also at the margins give us
different answers to questions of ‘ordinary mathematics’. Indeed, even different set-theoretic
frameworks will make available implementations of different functions, so can change what
e.g. group homomorphisms we have available, and hence determine different answers to vari-
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3.4 ‘The’ category of groups?

(a) Let’s return now to the question we left hanging at the end of §2.9: does it

make sense to talk about a mega-category of all groups and all the homomor-

phisms between them?

If we think of a group unrestrictedly as just any objects equipped with a

suitable binary operation that together satisfy Defn. 1, then it is far from clear

that talk of ‘all’ groups will locate a definite fixed totality. But suppose that we

do concentrate on some generous enough but determinate framework in which

we can implement (copies of) of all the groups and group-theoretic gadgets we

want. This framework might be the entirely predictable candidate, namely a

large enough universe of sets. Or perhaps we might go for some alternative

generous arena in which we can pursue ordinary mathematics (we’ll eventually

want to elaborate rather more on the options here). Then yes, working now in our

chosen arena, it could well be sensible to talk about an inclusive mega-category

Grp which comprises all the implementations of groups living in that universe

and all the homomorphisms between them.

Fine. So the thought is that, if we are going to talk sensibly about inclusive

mega-categories like Grp, in the way that category theorists do, we need to

assume that there is some appropriate generous foundational framework, at least

there in the background.

(b) Now, in fact the typical working assumption in introductions to category

theory is not to remain entirely neutral about that framework, but to suppose

that categories do live in some world of sets. So for example, the mega-category

Grp is taken, specifically, to comprise all groups-implemented-as-sets together

with the group-homomorphisms-implemented-as-sets.

Note, however, that to assume that we are ultimately working in some set-

theoretic framework isn’t yet uniquely to pin down a chosen arena for category

theory. We are very familiar with the fact that our canonical set theory first-order

ZFC has multiple models (some where the continuum hypothesis holds, some

where it doesn’t, and so on and so forth, in a proliferating multiverse of models).

How do we fix on the particular set-universe we might want to work in? Even

if we go second-order, that still doesn’t determine a unique universe – there are

different models of second-order ZFC with different heights. But then, on further

reflection, do we need such rich universes as models of full ZFC for implementing

ordinary mathematical structures and structured-families-of-structures? It has

been argued e.g. that the much weaker Mac Lane set theory is quite strong

enough to model the standard mathematics which is not directly connected with

the wilder extravagances of set theory (a salient point in the present context,

Mac Lane being himself one of the founding fathers of category theory). More

radically deviant set theories like NFU arguably also provide competent generous

arenas for modelling the gadgetry of ordinary mathematics.

ous group-theoretic problems. For some examples of questions which get different answers in
different set universes, see tinyurl.com/groupqns.
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And in fact, presentations of category theory quite often leave it open ex-

actly how the set-theoretic details might get filled in.6 That’s surely a quite

sensible approach: first develop category theory and put it to work as informal

mathematics, issuing a promissory note to later determine the best shape of a

set-theoretic universe in which we could regiment the theory (if that’s indeed

the best thing to do).

(c) I propose proceeding in much the same way, except we’ll try to keep at the

back of our minds that eventually we might want to consider the possibility of

some rather different, not-conventionally-set-theoretic, arena in which the action

can be taken to be happening.

So, I will try to cleave to the thought that our abstract theory for handling

structures of structures should ideally remain neutral at the outset about where

categories in general live. However – as much as anything to keep us marching

in step with other introductions to category theory – I will take it pro tempore

that when we go talk in particular about a mega-category like Grp, the category

of ‘all’ groups, we are talking about the category of all the groups implemented

in some (as yet not fully specified) universe of sets. Eventually we can perhaps

loosen even this much initial anchorage in a world of sets. But there is a great

deal of ground to cover first. Let’s see how things pan out.

6Presentations do differ on this, of course. For example, in his classic Categories for the
Working Mathematician Mac Lane presents the axioms for category theory as in our §4.1,
before saying that a category is “any interpretation of the category axioms within set theory”.
Then in a section titled ‘Foundations’ he does make a first pass at outlining the particular
kind of set theory, an extension of ZFC, he has in mind (Mac Lane 1997, p.10, pp. 22–23). By
contrast, in his much-used textbook Categories, Steve Awodey (2010) is rather less committal,
explicitly allowing the possibility of working in other background systems than set theory.
He defaults, though, to a set theoretic framework, while noting that “we sometimes run into
difficulties with set theory as usually practiced” and leaving it somewhat open what is the best
way to handle that fact: “we will not worry about this when it is just a matter of technical
foundations” (Awodey 2010, 24–25).
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4 Categories in general

We have met only one sort of category so far, namely categories comprising

some groups and enough homomorphisms between them. Here, ‘enough’ stands

in for pretty minimal requirements – essentially just that (i) compositions of

homomorphisms in the category are also in the category, and (ii) the identity

homomorphism for each group in the category is also present.

We now make our real start on category theory by generalizing to . . .

4.1 The very idea of a category

(a) We said that many paradigm examples of categories are – as in our first

illustrative case of categories of groups – families of structures with structure-

respecting maps between them. But what can we say about such families at an

abstract level?

One sufficiently general thought is this: if, within a family of structures in-

cluding A, B, and C we have a structure-respecting map f from A to B, and

another structure-respecting map g from B to C, then we should to be able to

compose these maps. That is to say, the first map f followed by the second g

should also count as a structure-respecting map g ˝ f from A to C.

What principles will govern such composition of maps? Associativity, surely.

Using a natural diagrammatic notation, if we are given maps

A B C D
f g h

it really ought not matter how we carve up the journey from A to D. It ought

not matter whether we apply the map f followed by the composite g-followed-

by-h, or alternatively first apply the composite map f -followed-by-g and then

afterwards apply h.

What else can we say at the same level of stratospheric generality about

families of structures and structure-respecting maps? Very little! Except that

there presumably will always in principle be the limiting case of a ‘do nothing’

identity map, which applied to any structure A leaves it untouched.

That apparently doesn’t give us a great deal to work with. But in fact it

is already enough to shape our following definition of categories. However, it

is useful to abstract even further from the idea of structures with structure-
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4.1 The very idea of a category

respecting maps between them, and – using more neutral terminology – we’ll

now speak very generally of objects and of arrows between them. Then we say:

Definition 13. A category C comprises two kinds of things:

(1) C-objects (which we will typically notate by A,B,C, . . .)

(2) C-arrows (which we typically notate by f, g, h, . . .).

These C-objects and C-arrows are governed by the following axioms:

Sources and targets For each arrow f , there are unique associated objects srcpfq

and tarpfq, respectively the source and target of f, not necessarily distinct.

We write f : AÑ B or A
f
ÝÑ B to notate that f is an arrow with srcpfq “

A and tarpfq “ B.

Composition For any two arrows f : AÑ B, g : B Ñ C, where srcpgq “ tarpfq,

there exists an arrow g ˝ f : A Ñ C, ‘g following f ’, which we call the

composite of f with g.

Identity arrows For any given any object A, there is an arrow 1A : AÑ A called

the identity arrow on A.

We also require the arrows to satisfy the following further axioms:

Associativity of composition. For any f : A Ñ B, g : B Ñ C, h : C Ñ D, we

have h ˝ pg ˝ fq “ ph ˝ gq ˝ f.

Identity arrows behave as identities. For any f : A Ñ B we have f ˝ 1A “ f “

1B ˝ f . 4

Evidently, a category of groups as originally defined in §2.9 will be a category in

this sense. And given what we have already said, the objects which are mathe-

matical structures of a particular kind taken together with enough arrows which

are structure-respecting maps between them should also satisfy those axioms,

and hence should count as forming a category too.

(b) Here are six quick remarks on terminology and notation:

(i) The objects and arrows of a category are very often called the category’s

data. That’s a helpfully non-committal term if you don’t read too much

into it, and I will occasionally adopt this common way of speaking.

(ii) The label ‘objects’ for the first kind of data is quite standard. But note that,

just as with the ‘objects’ of groups (see §2.2), the ‘objects’ in categories

needn’t be objects-as-individuals in a type-theoretic sense which contrasts

objects with entities like relations or functions. There are perfectly good

categories whose objects are actually relations, and other categories where

they are functions.

(iii) Borrowing familiar functional notation f : AÑ B for arrows in categories

is entirely natural given that arrows in many categories are (structure-

respecting) functions: in fact, that is the motivating case. But again, as

we’ll soon see, not all arrows in categories are functions. Which means that

not all arrows are morphisms either, in the usual sense of that term. Which
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is why I generally prefer the colourless ‘arrow’ to the equally common term

‘morphism’ for the second sort of data in a category. (Not that that will

stop me talking of morphisms or maps when context makes it natural!)

(iv) In keeping with the functional paradigm, the source and target of an ar-

row are frequently called, respectively, the ‘domain’ and ‘codomain’ of the

arrow (for usually, when arrows are functions, that’s what the source and

target are). But that usage has the potential to mislead when arrows aren’t

functions (or aren’t functions ‘in the right direction’, cf. §6.2), which is why

I prefer our common alternative terminology.

(v) Note again the order in which we write the components of a composite

arrow, because some from computer science writing about categories do

things the other way about. Our notational convention is again suggested

by the functional paradigm. When f : A Ñ B, g : B Ñ C are both func-

tions in the ordinary sense, then pg ˝ fqpxq “ gpfpxqq. Occasionally, to

reduce clutter, we may write simply ‘gf ’ rather than ‘g ˝ f ’.

(vi) Initially, we will explicitly indicate which object an identity arrow has as

both source and target, as in ‘1A’. Again to reduce clutter, we will later

allow ourselves simply write ‘1’ when context makes it clear which identity

arrow is in question.

4.2 Identity arrows

The definition of a category implies our first mini-result:

Theorem 9. Identity arrows on a given object are unique; and the identity arrows

on distinct objects are distinct.1

Proof. For the first part, suppose A has identity arrows 1A and 11A. Then apply-

ing the identity axioms for each, we immediately have 1A “ 1A ˝ 11A “ 11A.

For the second part, we simply note that A ‰ B entails srcp1Aq ‰ srcp1Bq

which entails 1A ‰ 1B .

So there’s a one-one correlation between objects in a category and identity

arrows; and we can pick out such identity arrows by the special way they interact

with all the other arrows. Hence we could in principle give a variant definition of

categories framed entirely in terms of arrows.2 But I am not unusual in finding

this bit of trickery rather unhelpful. As we will see, a central theme of category

theory is indeed the idea that we should probe the objects in a category by

considering the arrows between them; but that’s no reason to write the objects

out of the story altogether.

1As in this case, the most trivial of lemmas, as well as run-of-the-mill propositions, inter-
esting corollaries, and the weightiest results, will continue to be labelled ‘theorems’ without
distinction. I did initially try to mark a distinction between, as-it-were, capital-‘T’ theorems
and unexciting lemmas and the rest, but that didn’t work out well!

2For an account of how to do this, see Adámek et al. (2009, pp. 41–43).
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4.3 Monoids and pre-ordered pluralities

Let’s continue by looking at two simple but instructive types of categories, one

algebraic, one order-theoretic.

(a) We have already met the example of various small-scale categories of groups

and the inclusive large category Grp. But it is worth thinking now about a case

where the algebraic structure is cut nearer to the bone.

Consider, say, the finite strings of symbols from some given alphabet, including

the limiting case of the empty string, together with the operation of concate-

nation. This operation is evidently associative, s1
Xps2

Xs3q “ ps1
Xs2q

Xs3. And

concatenating with the empty string leaves us where we were, so the empty

string acts like an identity element for concatenation. So this structure gives us

an example of a monoid – which is, so to speak, a group minus the requirement

for inverses. And a monoid homomorphism is then a function which respects

monoid structure.

More carefully, we have:

Definition 14. The objects M with a distinguished object e, equipped with a

binary operation ˚, form a monoid M “ pM, ˚, eq iff

(i) M are closed under the operation ˚, i.e. for any x, y ε M , x ˚ y ε M ;

(ii) ˚ is associative, i.e. for any x, y, z ε M , px ˚ yq ˚ z “ x ˚ py ˚ zq;

(iii) e ε M , and e acts as a monoid unit or identity, i.e. for any x ε M , x ˚ e “

x “ e ˚ x.

Further, a monoid homomorphism from pM, ˚, eq as source to pN, ‹, dq as target

is a function f : M Ñ N such that:

(i) for every x, y ε M , fpx ˚ yq “ fx ‹ fy,

(ii) fpeq “ d. 4

Just as in the case of groups, when thought of simply in its role of mapping

objects to objects, the function f : M Ñ N is said to be the underlying function

of the homomorphism. When thought of in its role as a structure-respecting

homomorphism we can use the notation f : pM, ˚, eq Ñ pN, ‹, dq, or f : MÑ N .

(b) It is evident that, as in the group case, monoid homomorphisms f : MÑ N
and g : N Ñ O compose to give a homomorphism g ˝ f : MÑ O. Composition

of homomorphisms is associative. And the identity function on M is a homo-

morphism f : MÑM which acts as an identity with respect to composition.

Hence, just as with groups, some monoids together with enough homomor-

phisms will form a category – where by ‘enough’ we mean as before that (i)

compositions of homomorphisms in the category are also in the category, and

(ii) the identity homomorphism for each monoid in the category is also present.

And assuming now that we are working in some capacious universe of sets

which contains proxies for all the monoids we want together with set-proxies for

their homomorphisms, we can also sensibly say:

(C1) Mon is the category whose objects are all the monoids and whose arrows

are all the monoid homomorphisms (as living in that universe).
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Fine print. Yes, we could insist again that what we have in Mon will strictly

speaking be implementations of monoids and their homomorphisms. But still,

these implementations of monoids and their homomorphisms can count perfectly

well as objects and arrows in a category. In particular, note that arrows in a

category don’t have to be kosher functions. So, in a slogan, Mon is a genuine

category of (proxies for) monoids, and not a proxy category!

(c) Next, an example involving ordered objects; and again we’ll cut structure

to the bone by considering the simplest case, pre-orderings.

Definition 15. The objects P equipped with a relation ď form a pre-ordered

plurality pP,ďq iff, for all a, b, c ε P ,

(i) if a ď b and b ď c, then a ď c,

(ii) a ď a.

A monotone map f : pP,ďq Ñ pQ,Ďq between pre-ordered pluralities is then

defined to be a function f : P Ñ Q which respects order, i.e. such that for any

a, b ε P , if a ď b, then fa Ď fb. 4

Here, recall ‘plurality’ is just doing duty as a convenient singular way of talking

about perhaps many things at once: see §3.1.

(d) It is obvious that monotone maps between pre-ordered pluralities will com-

pose to give monotone maps; and the identity map on some pre-ordered objects

gives rise to an identity monotone map on that plurality.

Evidently, then, we can we have categories with the following data:

(i) objects: various pre-ordered pluralities pP,ďq,

(ii) arrows: enough monotone maps between these various objects,

where (and we won’t keep repeating this) ‘enough’ means the maps are closed

under composition and each pP,ďq gets its own identity map.

OK, now assume again that we are working in some suitably capacious set-

universe. So for any objects P equipped with a pre-order ď which we care about

there is a corresponding pre-ordered set which represents it – by mild abuse

of notation we’ll again use pP,ďq to denote it. Then we can sensibly give this

definition:

(C2) Preord is the category whose objects are all pre-ordered sets pP,ďq in

that universe, and whose arrows are the monotone set-functions between

them.

4.4 A very quick word about notation

I’m already falling into a pattern which I will try to stick to pretty systematically.

I’ll use sans serif font (as in ‘Grp’, ‘Mon’, etc.) for names of categories, and will

also use the same font for informal variables for categories (as in ‘C’, ‘J’ etc.).

And when I want to distinguish a structure from the objects it is built from,

I will typically use a script font, as in our use of ‘G’ vs ‘G’, and ‘M’ vs ‘M ’.
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4.5 Some rather sparse categories

(a) So far, so very unsurprising.

However, note that monoids can get into the story in a second way. As we’ve

seen, monoids as objects taken together with enough monoid homomorphisms

as arrows can form a category. However, any single monoid taken just by itself

can also be thought of giving rise to a category. Here’s how:

(C3) Take any monoid pM, ˚, eq. Then define a corresponding category M
whose data is as follows:

(i) M’s sole object is some arbitrary entity – choose whatever you like,

it doesn’t have to be among the objects M , and dub it ‘‚’;

(ii) Then any object a ε M counts as an M-arrow a : ‚ Ñ ‚ (in other

words, we put srcpaq “ tarpaq “ ‚). Composition of arrows a ˝ b is

defined to be the monoid product a ˚ b, and the identity arrow 1‚
is defined to be the monoid identity e.

It is then immediate that the category axioms are satisfied (check this!).

Note in this case, since the ‘object’ in the category M can be anything you

like, it needn’t be an object in any ordinary sense (let alone be a structure).

And unless the objects of the original monoid pM, ˚, eq happen to be functions,

the arrows of the associated category M will also not be functions or morphisms

or maps in any ordinary sense. So this sort of single-monoid-as-a-category won’t

usually be anything like a ‘structure of structures’.

Note too that there is a sort of converse to (C3). Any one-object category M
gives rise to an associated monoid built from M’s arrows, with multiplication

in the associated monoid being composition of arrows. Hence we can think of

many-object categories as, in a sense, generalizing from the case of the one-object

categories which are tantamount to monoids.

(b) Similarly, while we can put pre-ordered pluralities and the monotone maps

which interrelate them together to form a category, we can also think of a single

plurality equipped with a pre-order as itself giving us a category. Here’s how:

(C4) Take any pre-ordered objects pP,ďq. Then define a corresponding cate-

gory P whose data is as follows:

(i) P’s objects are P again;

(ii) there is a (single) P-arrow from A to B just in case A ď B –

this arrow might as well be identified as an ordered pair xA,By

(according to some pairing scheme), which is assigned the ‘source’ A

and ‘target’ B. We define composition by putting xB,Cy ˝ xA,By “

xA,Cy. Take the identity arrow 1A to be xA,Ay; there is always such

an arrow since ď is reflexive.

It is trivial that, so defined, the arrows for P satisfy the identity and associatively

axioms, so we do have another category here (check this!). And again, this isn’t

a category comprising structures and structure-respecting maps.
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Conversely, if you think about it, any category with objects O and where

there is at most one arrow between two objects can be regarded as a pre-ordered

plurality pO,ďq, where for A,B ε O, A ď B just in case there is an arrow from

A to B in the category. It is therefore natural to say

Definition 16. A pre-order category is a category with at most one arrow between

any two objects.

Hence we can think of the unrestricted notion of a category as a generalization

of the case of pre-order categories.

(c) Monoids-as-categories and pre-ordered-pluralities-as-categories can give us

very small categories with few objects and/or arrows. And here are some more

sparse categories.

(C5) For any objects we take, we get the discrete category on those by adding

as few arrows as possible, i.e. just an identity arrow for each of objects

we started with.

For convenience, we can allow the empty category, with zero objects

and zero arrows. Otherwise, the smallest discrete category is 1 which has

exactly one object and one arrow (the identity arrow on that object).

Let’s picture it in all its glory!

‚

(C6) And having mentioned the one-object category 1, here’s another very

small category, this time with two objects, the necessary identity arrows,

and one further arrow between them. We can picture it like this:

‚ ‹

Call this category 2.

We could think this category as arising from the von Neumann ordinal

2, i.e. the set tH, tHuu; take the ordinal’s members as objects of the

category, and let there be an arrow between objects when the source is

a subset of the target. Other von Neumann ordinals, finite and infinite,

similarly give rise to other categories.

But hold on! Should we in fact talk about the category 1 (or the category 2,

etc.)? Won’t different choices of object make for different one-object categories,

etc.? Well, yes and no! We can of course have, in our mathematical universe,

different cases of single objects equipped with an identity arrow – but they will

be indiscernible from within category theory. So as far as category theory is

concerned, they are all ‘essentially the same’ – in just the same spirit as e.g.

different Klein four-groups are ‘essentially the same’ in group theory. We will

want to return to this point.
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4.6 More categories

Let’s continue our list of sorts of categories, first generalizing from our basic

algebraic and order-theoretic examples in the last section, and then adding some

geometric and other categories. And for brevity’s sake, in most cases we now will

jump straight to the maximal version living in our favourite default universe of

sets (i.e. the version which stands to other instances of the same general sort as

e.g. Grp does to other categories of groups).

Categories of monoids and categories of groups are just the first of a whole

family of cases, where the object-data are algebraic structures themselves com-

prising objects equipped with some functions and/or with certain distinguished

objects picked out – and the arrows are the homomorphisms respecting the rel-

evant amount of structure. Adding more structure to our object-data, then, we

can get:

(C7) Ab is the category whose objects are (set-implementations of) abelian

groups, and whose objects are (set-implementations of) group homomor-

phisms again.

(C8) Rng is, the category of rings, whose objects are predictably enough all

rings and whose objects are ring homomorphisms (it would be boring to

keep on repeating ‘implementations’ !).

(C9) And Bool is the category of Boolean algebras and structure-respecting

maps between them.

We similarly have further categories of ordered objects. Enrich the notion

of a pre-order, take as structures objects-equipped-with-the-richer-order, take

enough order-respecting functions as arrows, and we get another kind of category.

For example (taking maximal cases as before),

(C10) Pos is the category whose objects are all posets, sets-equipped-with-a-

partial-order (where that’s a pre-order which is anti-symmetric), and the

arrows are all order-respecting maps again.

(C11) Tot is the category whose objects are all sets-equipped-with-a-total-order

(where that’s a partial order where any two objects stand in the order

relation, one way round or the other). The arrows are as you would now

expect.

And so on it goes!

Now for another paradigm type of case, namely geometric categories (even

more central to the original development of category theory than the cases of

algebraic categories or order categories).

(C12) Top is the category with

(i) objects: all the topological spaces (implemented in our favoured

universe of sets of course);

(ii) arrows: the continuous maps between spaces.
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(C13) Met is also a category: this has

(i) objects: metric spaces, which we can take to be a set of points S

equipped with a real metric d;

(ii) arrows: the non-expansive maps, where – in an obvious notation –

f : pS, dq Ñ pT, eq is non-expansive iff dpx, yq ě epfpxq, fpyqq.

(C14) Vectk is a category with

(i) objects: vector spaces over the field k (each such space comprising

vectors equipped with vector addition and multiplication by scalars

in the field k);

(ii) arrows: linear maps between the spaces.

And finally in this section, let’s have a logical example.

(C15) Suppose L is a first-order formal language (the details don’t matter).

Then there is a category of propositions PropL with

(i) objects: propositions, closed sentences X,Y, . . . of the formal lan-

guage;

(ii) arrows: there is a (unique) arrow from X to Y iff X ( Y , i.e. X

semantically entails Y .

The reflexivity and transitivity of semantic entailment means we get the identity

and composition laws which ensure that this is a category.

4.7 The category of sets

(a) Categories like Mon and Ord whose objects are sets-equipped-with-some-

structure and whose arrows are structure-respecting-functions are conventionally

called concrete categories. As we have seen, lots of categories are not concrete

in this sense – for example, neither a monoid-as-category nor a pre-ordering-as-

category will count. We’ll revisit the distinction between ‘concrete’ and ‘abstract’

categories in due course, and give a sharper technical account once we have the

idea of a functor in play. But it is useful to mention the standard distinction

straight away.

(b) Now, the monoids in Mon are sets equipped with not-very-much structure.
Likewise for the pre-ordered sets in Preord. Going in one direction, we get con-

crete categories whose objects are sets equipped with a richer structure and

whose arrows are functions constrained to respect this richer structure. Going

in the other direction, we get categories of sets – i.e. categories whose objects

are simply sets (equipped with no additional structure at all) and whose arrows

are functions between these sets (any old functions so long as they are closed

under composition, and we include the relevant identity functions: there is no

requirement that functions respect structure because there is no structure to

respect).

Here’s the maximal case:
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(C16) Set is the category with

(i) objects: all sets.

(ii) arrows: for any sets X,Y , every (total) set-function f : X Ñ Y is

an arrow.

There’s an identity function on any set. And set-functions f : A Ñ B,

g : B Ñ C (where the source of g is the target of f) always compose.

And so the axioms for being a category are evidently satisfied.

Some initial remarks:

(i) Note that the arrows in Set, like any arrows, must come with determi-

nate targets/codomains. But we have already reminded ourselves that the

standard way of treating functions set-theoretically is simply to define a

function f as its graph f̂ , i.e. the set of pairs xx, yy such that fpxq “ y.

This definition is lop-sided in that it fixes the function’s source/domain,

the set of first elements in the pairs, but it doesn’t determine the function’s

target. (For a quite trivial example, consider the Set-arrows z : NÑ N and

z1 : NÑ t0u where both functions send every number to zero. These have

the same graphs, but the functions have different targets and correspond-

ingly different properties – e.g. the first isn’t surjective, the second is.)

Perhaps set theorists themselves ought really to define a set-function

f : AÑ B as a triple xA, f̂ , By. But anyway, that’s how category theorists

ought officially to regard arrows f : A Ñ B in Set, and in other concrete

categories too.

(ii) We should perhaps remind ourselves why there is an identity arrow for H

in Set. Vacuously, for any target set Y , there is exactly one set-function

f : HÑ Y , i.e. the one whose graph is the empty set. Hence in particular

there is a function 1H : HÑH.

(iii) Note that in Set, the empty set is in fact the one and only set such that

there is exactly one arrow from it to any other set. This gives us a simple

example of how we can characterize a significant object in a category not

by its internal constitution, so to speak, but by what arrows it has to and

from other objects.

For another example, note that we can define singletons in Set by rely-

ing on the observation that there is exactly one arrow from any set to a

singleton (why?).

(iv) So now choose a singleton t‚u, it won’t matter which one (treat the bullet

symbol here as a wildcard). Call your chosen singleton ‘1’. And consider

the possible arrows (i.e. set-functions) from 1 to A.3

We can represent the arrow from 1 to A which sends the element of the

singleton 1 to x P A as ~x : 1 Ñ A (the over-arrow here is simply a helpful

3We are overloading notation – here ‘1’ is a special object, while in other contexts ‘1’ is a
special arrow, an identity arrow. You’ll need to get used to this sort of thing, where we rely
on context to disambiguate shared notations for objects and arrows.
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reminder that we are notating an arrow). Then there is evidently a one-one

correspondence between these arrows ~x and the elements x P A. So talk of

such arrows ~x is available as a category-speak surrogate for talking about

elements x of A.

More on this sort of thing in §8.3: but we have another glimpse ahead

of how we might trade in talk of sets-and-their-elements for categorial talk

of sets-and-arrows-between-them.

(c) So far, so straightforward. But let’s just pause to note again that the make-

up of the category Set of course is relative to our background universe. We

haven’t determinately fixed that. But we’ll continue to live with that for the

moment. You can just interpret our talk of sets and the category Set in your

preferred way assuming that this isn’t too idiosyncratic!

And note that familiar size considerations that we touched on in §3.1(b) and

§3.3(a) kick in again. The category of sets has all sets (in your favoured universe)

as its objects. Unless you are an NF-iste,4 however, there is no set of all sets –

such a collection is, in a familiar way, ‘too big’ to be a set. Hence on the standard

view, the category of sets is itself too big to be a set or to be modelled as a set.

Not wanting to rule out the standard view of sets, that’s another reason why our

initial definition of a category did not say e.g. that a category always comprises

a set of objects, but used a plural characterization.

4.8 Yet more examples

(a) Let’s finish our initial list of examples of categories. And now we can go

more briskly:

(C19) There is a category FinSet whose objects are the finite sets (i.e. sets with

at most finitely many members), and whose arrows are the set-functions

between such objects.

(C20) Pfn is the category of sets and partial functions. Here, the objects are

all the sets again, but an arrow f : A Ñ B is a function which is not

necessarily everywhere defined on A (one way to think of such an arrow is

as a total function f : A1 Ñ B where A1 Ď A). Given arrows-qua-partial-

functions f : A Ñ B, g : B Ñ C, their composition g ˝ f : A Ñ C is

defined in the obvious way, though you need to check that this succeeds

in making composition associative.

(C21) Set‹ is the category (of ‘pointed sets’) with

(i) objects: all the non-empty sets, with each set A having a distin-

guished member ‹A.

(ii) arrows: all the total functions f : A Ñ B which map ‹A to ‹B , for

any non-empty sets A,B.

4That is to say, a devotee of Quine’s deviant set theory NF which does have a universal
set, and avoids paradox by constraining our comprehension principle.
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As we’ll show later, Pfn and Set‹ are in a good sense equivalent categories (chal-

lenge: pause to think why we should expect that).

(C22) The category Rel again has naked sets as objects, but this time an arrow

AÑ B in Rel is (not a function but) any relation R between A and B.

We can take this officially to be a triple pA, R̂,Bq, where R̂ Ď AˆB is

R’s extension, the set of pairs xa, by such that aRb.

The identity arrow on A is then the diagonal relation whose extension

is txa, ay | a P Au. And S ˝ R : A Ñ C, the composition of arrows

R : AÑ B and S : B Ñ C, is defined by requiring aS˝Rc if and only if

DbpaRb^ bScq. It is easily checked that composition is associative.

So here we have yet another example where the arrows in a category

are not functions.

(b) And that will surely do for the moment as an introductory list. There

certainly is no shortage of categories of various kinds, then!

In fact, by this stage, you might very reasonably be wondering whether it isn’t

just far too easy to be a category. If such very different sorts of structures as e.g.

a particular small monoid on the one hand and the whole universe of topological

spaces and their continuous maps on the other hand equally count as categories,

how much mileage can there possibly be theorizing in general about categories

and their interrelations?

Well, that’s exactly what we hope to find out over the coming chapters.
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5 Diagrams, informally

We can diagrammatically represent objects related by arrows in a very natural

way – we’ve already seen some trivial mini-examples. And in particular, we

can represent facts about the equality of arrows using so-called commutative

diagrams. We’ll soon be using such diagrams a great deal: so we’d better make

some headline points about them straight away. These points are important

enough to deserve a brief chapter to themselves.

5.1 Diagrams, in two senses

Talk of diagrams is in fact commonly used in three related ways. Later, in Part

II, we will give a sharp characterization of a more technical notion of a diagram.

But for the moment, we can be informal and work with two looser but more

immediately intuitive notions. Firstly:

Definition 17. A representational diagram is a directed graph with nodes rep-

resenting objects from a given category C, and directed edges between nodes

(drawn as arrows!) which represent arrows of C. Nodes and edges will normally

be appropriately labelled, to make it clear what is being represented.

Two different nodes in a diagram can be joined by zero, one, or more directed

edges. There can also be edges looping round from a node to itself, representing

the identity arrow on an object or representing some other arrow whose source

and target is the same.

A directed edge (drawn arrow) labelled ‘f ’ going from the node labelled ‘A’

to the node ‘B’ of course represents the arrow f : AÑ B of C. 4

And then, relatedly:

Definition 18. A diagram in a category C is what is represented by a represen-

tational diagram – in other words, it will be some C-objects and some C-arrows

between them. 4

Note, diagrams (in either sense) needn’t be full. That is to say, a diagram-as-

a-picture need only represent some of the objects and arrows in a category; and

a diagram-as-what-is-pictured need only be a portion of the whole category in

question.
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5.2 Commutative diagrams

5.2 Commutative diagrams

(a) Within a representational diagram, we may be able to follow a directed path

through more than two nodes, walking along the connecting directed edges. So

a path in a representational diagram from a node labelled ‘X’ to a node labelled

‘Y ’ (for example) might look like this:

X
f
ÝÑ Z1

g
ÝÑ Z2

h
ÝÑ Z3

j
ÝÑ Y

This path-as-picture represents a connected chain of arrows (with the target of

one arrow being the source of the next). The axiom about composition tells us

that, in the represented category, there will also be an arrow j ˝ ph ˝ pg ˝ fqq

from the object X to the object Y : we will say that this arrow is obtained by

composing along the path.

Two points. First, because of the associativity of composition we needn’t

actually worry about bracketing here, and can simply describe that composite

as j ˝ h ˝ g ˝ f . From now on, then, we freely insert or omit brackets in writing

composites, doing whatever promotes local clarity.

Second, in §4.1(b) we explained the rationale for our notational choice for the

order in which we write the composite of two arrows. But this does mean that

the components in the notation ‘j ˝ h ˝ g ˝ f ’ occur in the opposite order to the

path diagram.

(b) We now say – as our initial shot –

Definition 19. A representational diagram commutes iff, for any nodes X and

Y and any two directed paths from X to Y , the arrow you obtain by composing

along the first path is equal to the arrow you obtain composing along the second

path.

Relatedly, a diagram in a category commutes iff it can be represented by a

commutative diagram – i.e., iff composites taken along two chains of arrows

between a source and final target are always equal.1 4

Hence, for example, the associativity axiom h ˝ pg ˝ fq “ ph ˝ gq ˝ f can be

presented by saying that diagrams like the following always commute:

A B

C D

f

g ˝ f
g

h ˝ g

h

Each of the two triangles here commutes just by the definition of composition.

And then by associativity we can paste the triangles together to get a larger

commutative diagram.

1Arbib and Manes (1975, p. 2) put it nicely: “commutare is the Latin for exchange, and
we say that a diagram commutes if we can exchange paths, between two given points, with
impunity.”
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Diagrams, informally

Here’s another example. If the two squares on the left commute, then by

associativity we can paste them together along the common arrow to get the

larger commutative diagram:

A B

D E

f

j c

k

B C

E F

g

c h

l

A B C

D E F

f

j

g

c h

k l

To check this, note that

h ˝ pg ˝ fq “ ph ˝ gq ˝ f “ pl ˝ cq ˝ f “ l ˝ pc ˝ fq “ l ˝ pk ˝ jq

with the equations holding alternately by associativity and by the assumed com-

mutativity of the squares.

These two cases illustrate a general claim: because of associativity, a diagram

commutes if each minimal polygon in the diagram commutes. We can prove that

by induction on the number of polygons. But since we won’t need to invoke the

general claim, so don’t pause to prove it.

(c) We will meet many more examples of commutative diagrams in the coming

chapters, so I won’t give more illustrations yet. For the moment, two quick points

worth emphasizing.

First, I’ve been rather fussy in explicitly distinguishing the two ideas, a diagram-

as-representation, and a diagram-as-what-is-represented. But having made the

distinction, we will rarely need to bother about it, and can in future let context

determine a sensible reading of informal claims about diagrams.

Second, do note that merely drawing a diagram with different routes from X

to Y in the relevant category emphatically doesn’t always mean that we have

a commutative diagram: the identity of the composites along the paths in each

case needs to be argued for!

(d) OK, I have given a basic definition of a commutative diagram. But it turns

out to be helpful to tweak it very slightly. Why so?

Well, later we will quite often be encountering e.g. ‘fork’ diagrams like this:

E X Ye
f

g

And it is really quite convenient to also count such a diagram as commuting just

so long as f ˝ e “ g ˝ e, without also requiring the ‘parallel’ arrows from X to Y

to be equal. So, on our tweaked definition, we won’t require arrows along every

path between any X and Y to be equal: instead, we’ll now officially say this:

Definition 19*. A representational diagram commutes iff, for any nodes X and

Y and any two directed paths from X to Y (so long as at least one path contains

more than one edge), the arrow you obtain by composing along the first path is

equal to the arrow you obtain composing along the second path.

Relatedly, a diagram in a category commutes iff it can be represented by a

commutative diagram. 4
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5.3 A reality check

Of course nothing important hangs on explicitly tweaking the definition this

way: some authors do, some don’t.2

5.3 A reality check

We’ve met some very small categories, such as the one pictured by the following

commutative diagram:

‚ ‹

Now consider the next diagram: is there a small category that would be pictured

by a commutative diagram like the following, where f ‰ h?

‚ ‹
1‚ g 1‹

h

f

Well, reading this diagram as commuting tells us that g ˝ f “ 1‹, because

the composites along the two paths from ‹ to itself must be equal. Similarly

h ˝ g “ 1‚. Hence

ph ˝ gq ˝ f “ 1‚ ˝ f “ f ‰ h “ h ˝ 1‹ “ h ˝ pg ˝ fq.

Hence composition isn’t associative here, and therefore we can’t really be dealing

with a category!

2For some that do, see Arbib and Manes (1975, p. 4) and Roman (2017, p. 17).
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6 Categories beget categories

We already know that categories are very plentiful. And in this chapter we are

going to introduce yet more, by describing a number of general constructions

which give us new categories from old. We’ll meet additional construction meth-

ods later, but these first examples should suffice to be going on with!

6.1 Subcategories

Three familiar ways of getting new widgets from old involve pruning to get sub-

widgets, forming products of widgets, and quotienting by a suitable equivalence

relation. We met these sorts of constructions on groups in §2.3. And we can do

the same constructions with categories.

(a) We get a new subgroup from an old group by slimming down the group

while retaining enough group structure. Similarly, the simplest way of getting a

new category is by slimming down an old one while retaining enough categorial

structure:

Definition 20. Given a category C, if S consists of the data

(i) objects: some or all of the C-objects,

(ii) arrows: some or all of the C-arrows,

subject to the conditions

(iii) for each S-object A, the C-arrow 1A is also an S-arrow,

(iv) for any S-arrows f : AÑ B, g : B Ñ C, the C-arrow g ˝ f : AÑ C is also

an S-arrow,

then, with composition of arrows in S defined as in the original category C, S is

a subcategory of C. 4

Plainly, the conditions in the definition – containing identity arrows for the

remaining objects and being closed under composition – are there to ensure that

the slimmed-down S is still a category.

Many cases where we prune an existing category will leave us with construc-

tions of no particular concern. Other cases can be more interesting:

(1) Lots of categories of groups-implemented-as-sets will be subcategories of

Grp.
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6.1 Subcategories

Note though that as we’ve set things up not every category of groups will be a

subcategory of Grp – for we don’t rule out that suitably structured families of

groups and their homomorphisms live outside the particular universe of sets in

which the objects of Grp are to be found. Though by design Grp should contain

copies of all the groups we want. By contrast, we can say outright

(2) Ab is a subcategory of Grp.

For having fixed on our background universe of sets, all the abelian groups

implemented in that universe will (trivially) be among the groups living in that

universe. To continue:

(3) FinSet is a subcategory of Set;

(4) Set is a subcategory of Pfn;

(5) The discrete category on the objects of C is a subcategory of C for any

category.

So, we can shed objects and/or arrows in moving from a category to a subcat-

egory. In examples (4) and (5) we keep all the objects but shed some or all of

the non-identity arrows. While in cases (2) and (3) we drop some objects while

keeping all the existing arrows between those objects, and there is a standard

label for such cases:

Definition 21. If S is a subcategory of C where, for all S-objects A and B, the

S-arrows from A to B are all the C-arrows from A to B, then S is said to be a

full subcategory of C. 4

(b) Next, the definition of products of categories is entirely predictable (I add

this for the record, but the idea won’t be of much interest to us):

Definition 22. If C and D are categories, then a product category CˆD is such

that

(1) Its objects are pairs xC,Dy where C is a C-object and D is a D-object;

(2) Its arrows from xC,Dy to xC 1, D1y are all the pairs xf, gy where f : C Ñ C 1

is a C-arrow and g : D Ñ D1 is a D-arrow.

(3) We define the identity arrow on xC,Dy by putting 1xC,Dy “ x1C , 1Dy;

(4) Composition is defined componentwise in the obvious way: xf, gy ˝ xf 1, g1y “

xf ˝C f
1, g ˝D g

1y. 4

Obviously, this definition requires us to have a suitable pairing scheme in play,

one for the relevant objects and one for the relevant arrows: but assuming those

are available, it is trivial to check that this well-defines a sort of category.

(c) Thirdly, quotients. Following closely what we said about quotients for groups

in Defn. 7, we can say:

Definition 23. (i) If C is a category, then the relation „ is a congruence on its

arrows iff it is an equivalence relation which respects composition.
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Categories beget categories

That is to say, a congruence f „ g is an equivalence such that (i) if f „ g,

then f and g share the same source and target (ensuring that equivalent arrows

can compose in the same way), and (ii) if f „ g, then f ˝h „ g˝h and k˝f „ k˝g

whenever the composites are defined.

(ii) Suppose C is a category, and suppose „ is a congruence on its arrows.

And suppose we have a quotient scheme for „. Then C{„ is the category whose

objects are the same as those of C and whose arrows are the quotient objects

rf s for f in C, with rf s assigned the same source and target as an arrow in C{„
as f has in C. 4

We’ve defined the notion of congruence so that it becomes trivial to check that

C{„ actually is a category.

For a natural example, take the category Top; and consider the congruence „

which holds between two of its arrows, i.e. two continuous maps between spaces,

when one map can be continuously deformed into the other, i.e. there is a so-

called homotopy between the maps (why is that a congruence?). Then Top{„ is

the important homotopy category hTop.

(d) Recall from §4.5 that a single monoid M “ pM, ˚, eq gives rise a corre-

sponding category M – this has some arbitrarily chosen thing as the sole object,

while the category’s arrows are the objects M , with ˚ as composition.

Now suppose „ is a congruence relation for M, i.e. an equivalence relation

on M which respects the monoid structure. This will then, trivially, also be

congruence relation between arrows in the category M.

So, starting from M we can now quotient to get a category in two ways. We

can form the category M corresponding to the monoid M, and then construct

the quotient category M{„ in the way just described. Or we can first form a

quotient monoid M{„ (in exactly the same way as we form a quotient group,

see §2.3(c)), and then form the corresponding category to that.

Challenge: convince yourself that we end up with same category – on some

sensible understanding of ‘same category’ – either way.

6.2 Duality

(a) Another easy but absolutely crucial way of getting a new category from old

is by simply reversing all the arrows. More carefully, let’s say:

Definition 24. Given a category C, then its opposite or dual Cop is the category

such that

(1) The objects of Cop are just the objects of C again.

(2) If f is an arrow of C with source A and target B, then f is also an arrow

of Cop but there it is now assigned source B and target A.

(3) Identity arrows remain the same, i.e. 1opA “ 1A.

(4) Composition-in-Cop is defined in terms of composition-in-C: put f ˝op g “

g ˝ f . 4
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6.2 Duality

Here ˝op is, of course, composition in the new opposite category; and condition

(4) is made transparent by the following linked diagrams:

A B

C

f

g ˝ f
g ñ

A B

C

f

g
f ˝op g

In C In Cop

It is trivial to check that our definition is in good order and that Cop really is a

category.

It is also trivial to check that pCopqop is C: this means every category is also

the opposite of some other category.

(b) A bit of care is required. Take for example Setop. By definition, an arrow

f : A Ñ B in Setop is the same thing as an arrow f : B Ñ A in Set, which is

of course a set-function from B to A. But this means that f : A Ñ B in Setop

typically won’t be a function from its source to its target – it’s an arrow in that

direction but usually only a function in the opposite one!1

Setop is in fact a very different sort of category to Set (it is in fact equivalent

to the category of complete atomic boolean algebras – but you don’t need to

know that!). And in general, taking the opposite category gives us something

essentially new. Though not always. Consider the category Relop, for example,

and just remember that every relation comes as one of a pair with its converse.

(c) However, what will matter more for us is not the construction of particular

opposite categories, but the following duality principle which arises from the fact

that every category is the opposite of another category.

Let’s get a bit formal for a moment. Take L to be the elementary pure language

of categories – meaning a two-sorted first-order language with identity, with one

sort of variable for objects, A,B,C . . ., and another sort for arrows f, g, h, . . .. It

has built-in function-expressions ‘src’ and ‘tar ’ (denoting two operations taking

arrows to objects), a built-in relation ‘. . . is the identity arrow for . . . ’, and a

two place function-expression ‘. . .˝ . . . ’ which expresses the function which takes

two composable arrows to another arrow. We can therefore regiment general

propositions in the theory of categories in the language L.

The following is then a natural definition:

Definition 25. Suppose ϕ is a wff of L. Its dual ϕop is the wff you get by

(i) swapping ‘src’ and ‘tar ’ and (ii) reversing the order of composition, so ‘f ˝ g’

becomes ‘g ˝ f ’, etc. 4

And note, the duals of the axioms for a category are also instances of the axioms,

as is quickly checked – which is why Cop is a category.

1So this is one of those cases where talking of ‘domains’ and ‘codomains’ instead of ‘sources’
and ‘targets’ could encourage confusion, since the ‘domain’ of an arrow in Setop is its codomain
as a function. Hence my preference for the source/target terminology.
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Categories beget categories

That last observation immediately gives us the duality principle we want:

Theorem 10. Suppose ϕ is an L-sentence (a wff with no free variables) – so

ϕ is a general claim about objects/arrows in an arbitrary category. Then if the

axioms of category theory entail ϕ, they also entail the dual claim ϕop.

Since we are dealing with a first-order theory, syntactic and semantic entailment

come to the same, and we can prove the theorem either way:

Syntactic proof. If there’s a first-order proof of ϕ from the axioms of category

theory, then by taking the duals of every wff in the proof we’ll get a proof of ϕop

from the duals of the axioms.

But those duals of axioms are themselves axioms of category theory, so we

have a proof of ϕop from the axioms.

Semantic proof. If ϕ always holds, i.e. holds in every category C, then ϕop will

hold in every Cop – but the Cops comprise every category again, since every

category is the opposite of some category, so ϕop also holds in every category.

The duality principle might be very simple but it is a hugely labour-saving

result; we’ll see this time and time again, starting in the next chapter.

6.3 Slice categories

(a) Finally in this chapter we will look at another way of constructing new

categories from old – or rather, we define a dual pair of constructions.

Suppose, then, that C is a category, and X is a particular C-object. We are

first going to define a new category C{X whose objects are the pairs pA, fq for

any C-object A and any C-arrow f : A Ñ X with that object A as source and

the fixed object X as target (we will define the corresponding arrows of C{X in

a moment).

And then there will be a dual construction, a new category X{C whose objects

are again pairs pA, fq, where A is any C-object but this time the arrow goes in

the opposite direction, i.e. is an arrow f : X Ñ A in the original category C.

But why should we be interested in such constructions? Let’s have a couple

of very simple examples:

(1) Take an n-membered index set In “ tc1, c2, c3, . . . , cnu. Think of the mem-

bers of In as ‘colours’. Then a pair pS, f : S Ñ Inq gives us a set S whose

members are coloured by f from that palette of n colours.

Hence with the arrows of the category appropriately defined – we’ll come

to that in a moment! – we can think of FinSet{In as the category of n-

coloured finite sets, exactly the sort of structure that combinatorialists

will be interested in.

(2) Pick a singleton set ‘1’. We have mentioned before that we can think of

any element x of the set S as given by an arrow ~x : 1 Ñ S.
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6.3 Slice categories

So now think about a category 1{Set whose objects are all the pairs

pS, ~x : 1 Ñ Sq. Each such object of 1{Set provides us with a set and then

a distinguished element of that set; in other words, the object works as

a pointed set. Therefore, 1{Set will be (or, in some strong sense to be

explained later, comes to the same as) the category Set˚ of pointed sets.

True, pointed sets aren’t very exciting. But pointed topological spaces

are. And, with 1 now some one-point topological space, 1{Top similarly

gives us the category of pointed topological spaces.

(b) OK, we have a modest amount of motivation for being interested in slice

categories (explaining fancier examples would take us too far astray). So let’s

explore further.2

A B

X

f

j

g

The obvious next question is: given C{X’s objects

pA, f : A Ñ X) and pB, g : B Ñ Xq what’s a sensible can-

didate for an arrow between them? If we want to construct

C{X’s data from ingredients available in C, what can we use

to construct an arrow from pA, fq to pB, gq? The obvious can-

didate is a C-arrow j from A to B which interacts appropriately with the arrows

f and g, so we get a commuting diagram in C.

So this thought prompts the following definition:

Definition 26. Let C be a category, and X be a C-object. Then the category

C{X, the slice category over X, has the following data:

(1) The C{X-objects are pairs pA, fq for any C-object A and C-arrow f : AÑ

X.

(2) The C{X-arrows from pA, fq to pB, gq are C-arrows j where f “ g ˝ j in C.

(3) The identity arrow in C{X on the object pA, fq is the C-arrow 1A.

(4) Given C{X-arrows j and k, where the target of j is the source of k, their

composition is k ˝ j (where k ˝ j is the composite arrow in C). 4

Of course, we need to check that these data do satisfy the axioms for constituting

a category. So let’s do that. In particular, we need to confirm that our definition

of composition for C{X-arrows works.

A

B X

C

f
j

g

k
h

If j : f Ñ g is a C{X-arrow, then g ˝ j “ f and the top

triangle commutes in C. If k : g Ñ h is a C{X-arrow, then

h ˝ k “ g and the bottom triangle commutes in C. So pasting

the triangles together, the whole resulting diagram commutes

in C. Or in equations, we have ph ˝ kq ˝ j “ g ˝ j “ f in C,

and therefore h ˝ pk ˝ jq “ f . Hence k ˝ j really does count as

an arrow in C{X from f to h, as we require.

The remaining checks to confirm C{X satisfies the axioms

for being a category are then trivial.

2Fine print. Since any arrow has a unique source, on our definition of categories, we could
without loss of information take the object-data of C{X to be not pairs of objects and arrows
from C such as pA, f : A Ñ Xq but just the C-arrows f : A Ñ X by themselves. Many opt for
this more economical definition for C{X-objects. Obviously nothing hangs on this.
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Categories beget categories

(c) Unfortunately, however, there is an annoying snag! Our definition of a slice

category C{X doesn’t quite work as it stands. Why not?

Suppose f : AÑ X and f 1 : AÑ X are distinct arrows in C. Then pA, fq and

pA, f 1q are distinct objects in C{X. But according to (3) these objects will both

have 1A as their identity arrows. However, by Theorem 9, we can’t have distinct

C{X-objects with the same identity arrow on them.

A B

X

f

j

g

What to do? We could fiddle with the definition of a cate-

gory so Theorem 9 no longer holds, but that seems excessive.

It is simpler to revise the definition of a C{X-arrow. For ex-

ample, instead of saying that an C{X-arrow from pA, fq to

pB, gq is a C{X-arrow which makes the diagram commute,

say the arrow is the whole commutative diagram, or equivalently is a triple of

arrows pj, f, gq such that f “ g ˝ j.3 This solves the problem. The identity arrow

on the C{X-object f : AÑ X will be the triple p1A, f, fq and the identity arrow

on the distinct object f 1 : AÑ X will be the distinct triple p1A, f
1, f 1q.

But it is irritating to have to explicitly fuss about this. So from now on, we’ll

cheat a bit (as seems to be the standard way). When we talk of slice categories

and the like, we’ll continue to talk of an arrow from f to g as if it is just a suitable

j making the triangle commute, rather than its being the whole triangle. Since we

can read off the triple when given an arrow specified as j : f Ñ g, no information

is lost by just giving that single arrow. So that’s what we’ll do.

(d) Now for the dual notion, namely the idea of a co-slice category X{C (or the

slice category under X). As we said, the objects of this category are C-objects

paired with C-arrows going in the opposite direction, i.e. they are of the form

pA, f : X Ñ Aq.4 Then the rest of the definition is exactly as you would predict

given our explanation of duality: just go through the definition a slice category

reversing arrows and the order of composition. It is a useful exercise to check

that this works!

We will occasionally meet slice and co-slice categories again in due course.

3“The arrows of C{X from f to g are arrows j of C such that f “ g ˝ j, i.e. they are the
same thing as commutative triangles from f to g.” So say Lawvere and Roseburgh (2003, p.
25), with lettering changed. But an arrow j and a trio of arrows including j and forming a
commuting triangle plainly can’t be the same thing.

4Or, if you prefer, you could take the X{C-objects just to be arrows of the form f : X Ñ A.
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7 Kinds of arrows

So where have we got to? We defined the general notion of a category. We met

a lot of initial examples, and then we saw how to construct yet more categories

from old ones in various ways. Note again that our net is now cast very widely,

going well beyond the initial motivating idea of a family of structures equipped

with enough structure-respecting maps between them.

We are evidently going to want to impose some order on this proliferating

universe of categories. And just as we organize groups by looking at the maps

between them that respect group structure, we will want to introduce the key

notion of functors, maps between categories which respect categorial structure.

But not yet: functors will be the fundamental organizing idea of Part II of these

notes. However, here in Part I, we are going to be continuing to look inside

categories, before we proceed to look at relations between categories.1 And in this

chapter, we make a start by characterizing a number of different kinds of arrows

by the way they interact with other arrows. This will give us some elementary

examples of categorial, arrow-theoretic, (re)definitions of familiar notions.

7.1 Left-cancellable, right-cancellable arrows

(a) Let’s begin with a simple (and natural enough) definition:

Definition 27. An arrow f in the category C is left-cancellable iff, whenever g

and h are such that f ˝ g “ f ˝ h, then g “ h. 4

Note by the way that if the composites f ˝ g and f ˝ h are to exist and be

equal, then g and h must be ‘parallel’ arrows sharing the same source and target

(why?).

1P. T. Johnstone writes, in a note introducing his famed Cambridge course, “Category
theory begins with the observation . . . that the collection of all mathematical structures of
a given type, together with all the maps between them, is itself an instance of a nontrivial
structure which can be studied in its own right. In keeping with this idea, the real objects of
study are not so much categories themselves as the maps between them – functors, natural
transformations and (perhaps most important of all) adjunctions.” So taking this view, given
the way these present notes are organized, it could be said that the most significant objects
of study for category theory don’t really come into view until our Part II. Fair point. But as
I’ve already said in §1.3, I optimistically hope there is something to be gained by taking a
slow approach before lifting the curtain to reveal what are arguably the principal delights of
category theory!
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Why is this notion of being left-cancellable interesting? Well, first note that

we have the following general result for categories where arrows are structure-

respecting-functions:

Theorem 11. In a category where the arrows are indeed functions, such as Set
or Grp, if f is injective as a function, then f is left-cancellable as an arrow.

Proof. Suppose f : C Ñ D is injective. Then in particular for any x, and any

functions g : A Ñ C and h : A Ñ C, we have fpgpxqq “ fphpxqq implies gpxq “

hpxq. Hence in arrow-speak, if f ˝ g “ f ˝ h then g “ h, and so f is left-

cancellable.

And in many categories where the arrows are functions (or, being pernickety,

set proxies for functions), the reverse is true. For example,

Theorem 12. In Set and Grp, if f is left-cancellable as an arrow, it is injective

as a function.

Proof for Set. Suppose f : C Ñ D is not injective. So, for some x, y we have

fpxq “ fpyq but not x “ y. But x and y will be respectively picked out as the

values (for the only inputs) of functions ~x : 1 Ñ C and ~y : 1 Ñ C, where 1 is

your favourite singleton. Hence in Set we have f ˝~x “ f ˝~y but not ~x “ ~y. So the

non-injective f in Set isn’t left-cancellable. Contraposing gives us our wanted

result.

Proof for Grp. This takes a bit more work. Suppose that f : C Ñ D is a group

homomorphism between the groups pC, ˚, eCq and pD, ‹, eDq but is not injective.

So for some particular objects x, y we have fpxq “ fpyq but not x “ y.

Now, note that for these objects,

fpx´1 ˚ yq “ fpx´1q ‹ fpyq “ fpx´1q ‹ fpxq “ fpx´1 ¨ xq “ fpeCq “ eD.

Let K (for ‘kernel’) be the objects among C that f sends eD – compare §2.7(b).

Then x´1 ˚y belongs to K. And eC is another distinct object that f sends to eD
(for if x´1 ˚ y “ eC , then x “ x ˚ eC “ x ˚ x´1 ˚ y “ y contrary to hypothesis).

Hence K includes more than one object.

Now define g : K Ñ C to be the obvious inclusion map (which sends an object

from K to the same object among C), while h : K Ñ C sends everything to eC .

Since K includes more than one object, g ‰ h. But obviously, f ˝g “ f ˝h (both

send everything in K to eD). So the non-injective f in Grp isn’t left-cancellable.

Contraposing gives us our wanted result.

So, putting our last two theorems together, we have now proved that in Set
and Grp the left-cancellable arrows are exactly the injective functions. And the

same applies in most other categories where arrows are functions. But not all,

because we can, with a bit of effort, find categories where arrows are functions

but a left-cancellable function needn’t be injective.2

2For those who know about such things, an example is provided by the category of divisible
groups.
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(b) Now let’s introduce the obvious dual notion:

Definition 28. An arrow f in the category C is right-cancellable iff, whenever g

and h are such that g ˝ f “ h ˝ f , then g “ h.

Left and right cancellability are evidently dual properties – i.e. f is right-

cancellable in C if and only if it is left-cancellable in Cop. And we easily get

a companion result to Theorem 11:

Theorem 13. In a category where the arrows are functions, such as Set or Grp,

if f is surjective as a function, then f is right-cancellable as an arrow.

Proof. Suppose f : C Ñ D is surjective. And consider any two further functions

onwards from the target of f , namely g, h : D Ñ E.

Suppose g ‰ h. Then for some d from among D, gpdq ‰ hpdq. But by the

surjectivity of f , we know that d “ fpcq for some c in f ’s source domain, and

therefore gpfpcqq ‰ hpfpcqq. So in arrow-speak, g ˝ f ‰ h ˝ f .

Contraposing, if g ˝ f “ h ˝ f , then g “ h. Hence, in sum, the surjectivity of

f entails that it is right-cancellable.

There is an easy converse result in the special case of Set:

Theorem 14. In Set, if f is right-cancellable as an arrow, then it is surjective

as a function.

Proof. Suppose f : C Ñ D is not surjective, so f rCs ‰ D. Consider two functions

g : D Ñ E and h : D Ñ E which agree on f rCs but disagree on the rest of D.

Then g ‰ h, though g ˝ f and h ˝ f will agree everywhere on C; so f is not

right-cancellable. Contraposing, if f is right-cancellable, it is surjective.

We can also show e.g. that in Grp, the surjective functions are right-cancellable;

but this is certainly not trivial.3 And later in this chapter, §7.5, we’ll meet an

easy case where we have a right-cancellable arrow which is a function but which

is not surjective.

7.2 Notation and terminology

(a) There is a notational convention that we use special styles of drawn arrows

to represent cancellable arrows, and we will follow this convention occasionally:

f : C � D or C D
f

represents a left-cancellable f ,

f : C � D or C D
f

represents a right-cancellable f .

That convention is easy enough to remember: just note that a left cancellable

arrow gets notated by an extra decoration on the left of the arrow, and a right

cancellable arrow gets an extra decoration on the right.

3Why can’t we recycle the proof of Theorem 14? Because while there may be such functions
as the g and h there, that’s not enough – we need functions-as-arrows, which in this case means
functions which are group homomorphisms.
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(b) But now we need to introduce some distinctly less memorable but abso-

lutely standard terminology that you certainly need to know, and which we’ll

immediately start using:

Definition 29. An arrow is a monomophism (or is monic) iff it is left-cancellable.

And an arrow is an epimorphism (or is epic) iff it is right-cancellable.

How are you supposed to remember which way round the labels ‘monomor-

phism’ and ‘epimorphism’ go? Well, you could try recalling that ‘mono’ means

one, and the ‘monomophisms’ are (we’ve seen) often the injective, one-to-one

functions. While ‘epi’ is Greek for ‘on’ or ‘over’, and the ‘epimorphisms’ are

(we’ve seen) fairly often surjective functions. But to be honest, what actually

works for me is going by the brute alphabetic proximity of ML and of PR: a

M onomorphism is Left cancellable, while an eP imorphism is Right cancellable.

(c) As the very gentlest of exercises, putting our crisper terminology to work,

let’s have an easy mini-theorem:

Theorem 15. (1) Identity arrows are always monic. Dually, they are always

epic too.

(2) If f , g are monic, so is f ˝g (assuming f and g compose). If f , g are epic,

so is f ˝ g.

(3) If f ˝ g is monic, so is g. If f ˝ g is epic, so is f .

Proof. (1) is trivial.

For (2), we need to show that if pf ˝gq ˝ j “ pf ˝gq ˝k, then j “ k. So suppose

the antecedent. By associativity, f ˝ pg ˝ jq “ f ˝ pg ˝ kq. Whence, assuming f is

monic, g ˝ j “ g ˝ k. Whence, assuming g is monic, j “ k.

Interchanging f and g, if f and g are monic, so is pg ˝ fq. Being epic is dual

to being monic. So applying the duality principle from §6.2, it follows that if f

and g are epic, so is pf ˝ gq.4

For (3) assume f ˝ g is monic. Suppose g ˝ j “ g ˝ k. We need to show j “ k.

But f ˝ pg ˝ jq “ f ˝ pg ˝ kq, hence pf ˝ gq ˝ j “ pf ˝ gq ˝ k, hence since f ˝ g is

monic we have j “ k. The corresponding result for epics holds by duality.

7.3 Inverses

(a) We define some more types of arrow:

Definition 30. Given an arrow f : C Ñ D in the category C,

(1) g : D Ñ C is a right inverse of f iff f ˝ g “ 1D.

(2) g : D Ñ C is a left inverse of f iff g ˝ f “ 1C .

(3) g : D Ñ C is an inverse of f iff it is both a right inverse and a left inverse

of f . 4
4Check this, as it our first real application of the duality principle.
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Three remarks. First, on the use of ‘left’ and ‘right’. Note that if we represent

the situation in (1) with a commuting diagram like this

D C D
g

1D

f

then f ’s right inverse g appears on the left! It is just a matter of convention

that we standardly describe the handedness of inverses by reference to the rep-

resentation ‘f ˝ g “ 1D’ rather than by reference to our representing diagram.

(Similarly, of course, earlier in defining left-cancellability, etc.)

Second, note that g ˝ f “ 1C in C iff f ˝op g “ 1C in Cop. So a left inverse in C
is a right inverse in Cop. And vice versa. The notions of a right inverse and left

inverse are therefore, exactly as you would expect, dual to each other; and the

notion of an inverse is its own dual.

Third, if f has a right inverse g, then it is a left inverse (of g, of course!).

Dually, if f has a left inverse, then it is a right inverse.

(b) Let’s start by considering what happens in concrete categories where arrows

are functions. Here’s a very easy result:

Theorem 16. In a category where arrows are functions, if f has a left-inverse

as an arrow, it is injective as a function. And if f has a right-inverse, it is

surjective as a function.

Proof. For the first part, we just note that if fpxq “ fpyq, then applying f ’s left

inverse to both sides we can infer x “ y.

For the second part, suppose f : C Ñ D has a right inverse g : D Ñ C. Take

any d in D. Then f ˝ g applied to d gives back d. In other words, there is an

object c in C, where c “ gpdq, such that fpcq “ d. So f is surjective.

So, putting together this last theorem with Theorems 11 and 13, the following

hold for concrete categories (with ‘ñ’ for ‘implies’, of course!).

f has a left inverse ñ f is injective ñ f is left-cancellable.

f has a right inverse ñ f is surjective ñ f is right-cancellable.

(c) What about categories where the arrows aren’t functions (so the question

of being injective or surjective doesn’t arise)?

Well, the first item on each of those lines still implies the last: having a left

(right) inverse implies being left (right) cancellable. Or to ring the changes on

the terminology, since you really need to get used to this, we have the first part

of the following theorem:

Theorem 17. (1) Every right inverse is monic, and every left inverse is epic.

(2) But in general, not every monomorphism is a right inverse; and dually,

not every epimorphism is a left inverse.
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Proof of (1). Suppose f is a right inverse for e (so f has a left inverse!), which

means that e ˝ f “ 1 (the identity arrow on the relevant object). Now suppose

f ˝ g “ f ˝ h. Then e ˝ f ˝ g “ e ˝ f ˝ h, and hence 1 ˝ g “ 1 ˝ h, i.e. g “ h, so f

is monic. Similarly for the dual.

Proof of (2). We can use a toy example. Take the two-object category 2 which

we met back in §4.8:

‚ ‹
f

The non-identity arrow f can only compose with an identity arrow. So, for

example, when we have f ˝ g “ f ˝ h it can only be because g “ h “ 1‚. Hence

f is monic. Similarly f is epic. But it lacks both a left and a right inverse.

Very slightly more interesting proof of (2). Take the category Grp, and consider

the additive groups Z “ pZ,`, 0q and 2Z “ p2Z,`, 0q (where of course 2Z are

the even integers!). There is an obvious injection homomorphism i : 2Z Ñ Z,

and i is monic in Grp (why?).

But i is not a right inverse. That is to say, there is no f : Z Ñ 2Z such that

f ˝ i “ 12Z . For suppose otherwise. Then

fp1q `2Z fp1q “ fp1`Z 1q “ fp2q “ f ˝ ip2q “ 12Zp2q “ 2

But that’s impossible since f maps only to even numbers!

(d) So monics need not in general be right inverses nor epics left inverses. But

how do things pan out in the particular case of the category Set?

Theorem 18. In Set, every monomorphism is a right inverse apart from arrows

of the form H Ñ D. Also in Set, the proposition that every epimorphism is a

left inverse is (a version of) the Axiom of Choice.

Proof. Suppose f : C Ñ D in Set is monic, hence one-to-one between C and

f rCs. Consider a function g : D Ñ C that reverses f on f rCs and maps every-

thing in D´ f rCs to some particular object in C. Such a g is always possible to

find in Set unless C is the empty set.

So by construction, g ˝ f “ 1C , and f is a right inverse.

Now suppose f : C Ñ D in Set is epic, and hence a surjection. Assuming the

Axiom of Choice, there will be a function g : D Ñ C which maps each d P D to

some chosen one of the elements c such that fpcq “ d (but note that this time,

in the general case, we do have to make an infinite number of choices, picking

out one element among the pre-images of d for every d P D: that’s why Choice

is involved). Given such a function g, f ˝ g “ 1D, so f is a left inverse.

Conversely, suppose we have a partition of C into disjoint subsets indexed

by (exactly) the elements of D. Let f : C Ñ D be the function which sends an

object in C to the index of the partition it belongs to; then f is surjective, hence

epic. Suppose f is also a left inverse, so for some g : D Ñ C, f ˝ g “ 1D. Then g

is evidently a choice function, picking out one member of each partition.
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So the claim that every epic is a left inverse in Set gives us the Axiom of

Choice.

(e) An arrow can have zero or one left inverse. It can also have more than

one. For a mini-example in Set, consider f : t0, 1u Ñ t0, 1, 2u where fp0q “ 0,

fp1q “ 1. Then g : t0, 1, 2u Ñ t0, 1u is a left inverse so long as gp0q “ 0, gp1q “ 1;

we have two choices for gp2q, and hence two left inverses. By the duality principle,

an arrow can also have zero, one, or many right inverses. However,

Theorem 19. If an arrow has both a right inverse and a left inverse, then these

are the same and are the arrow’s unique inverse.

Proof. Suppose f : C Ñ D has right inverse r : D Ñ C and left inverse s : D Ñ

C. Then

r “ 1C ˝ r “ ps ˝ fq ˝ r “ s ˝ pf ˝ rq “ s ˝ 1D “ s.

Or, to put it diagrammatically, the following commutes:

D C D Cr

1D

r

s

f

1C

s

Hence r “ s and r is an inverse.

Suppose now that f has inverses r and r1. Then r will be a right inverse and

r1 a left inverse for f , so as before r “ r1. Therefore inverses are unique.

(f) Our little example at the beginning of (e) shows us that we can, of course,

have arrows f : AÑ B and g : B Ñ A where g ˝ f “ 1A but f ˝ g ‰ 1B .

Is there anything interesting that can always be said about f˝g when g˝f “ 1?

Well, note we will then have

pf ˝ gq ˝ pf ˝ gq “ pf ˝ pg ˝ fq ˝ gq “ pf ˝ 1 ˝ gq “ pf ˝ gq

Suppose then we say that an arrow e is idempotent just when e ˝ e “ e (for that

to make sense, an idempotent arrow must of course have the same source and

target). Then, when g˝f “ 1, the corresponding composite f ˝g is an idempotent

arrow.

7.4 Aside: some rather more forgettable terminology

There is a really annoying oversupply of alternative and rather unfriendly jargon

hereabouts. Unlike the essential ‘monomorphism’ and ‘epimorphism’, I won’t be

making any further use of these bits of opaque terminology here. So this is just

for the record.
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(a) Assume we have a pair of arrows s : C Ñ D, and r : D Ñ C such that

r ˝ s “ 1C . Then r, which is a left inverse of s, is said to be a retraction of s.

And s is a right inverse of r; but s is also called a section of r. (In this usage, s

is a section iff it has a retraction, etc.)

(Just for a glimmer of the origin of this jargon, consider the following geometric

example. Take P to be the plane minus a point as origin, and let S be the

unit circle round the origin. Imagine P parameterized by polar co-ordinates r, θ

centred at the origin, and S parameterized by 0 ď θ ă 2π. Then consider the

map r : P Ñ S which sends a point pr, θq to θ – this ‘retracts’ the whole plane

onto the unit circle. While the map s : S Ñ P which sends the point θ on the

circle to p1, θq in the plane locates, as it were, a ‘section’ of the plane. And

trivially, r ˝ s is an identity map. But you can now forget all that!)

(b) Further, if f has a left inverse/is a right inverse, then f is also said to

be a split monomorphism; if g has a right inverse/is a left inverse, then g is

a split epimorphism. (In this usage, we can say e.g. that the claim that every

epimorphism splits in Set is the categorial version of the Axiom of Choice.)

Note that Theorem 17 tells us that right inverses are monic, so a split monomor-

phism is indeed properly called a monomorphism. Dually, a split epimorphism is

an epimorphism. But why ‘split’? I haven’t anything short and helpful to offer!

7.5 Isomorphisms

Before we ever encounter category theory, we are familiar with the notion of an

isomorphism between groups, between metric spaces, between topological spaces,

between orderings, etc. – it’s a bijection between the underlying objects which

preserves all the relevant structure.

How can we redefine this idea in arrow-theoretic, categorial, terms?

(a) First, what doesn’t work.

In the extremal case, in the category Set of sets with no additional structure,

the bijections are the arrows which are both monic and epic. Can we generalize

from this case and define the isomorphisms of any category to be arrows which

are monic and epic there?

No. Isomorphisms properly so called need to have inverses (if A and B have

all the same relevant structure, then a map preserving all that structure should

reverse). But being monic and epic doesn’t always imply having an inverse.

We can use again the toy case of the two-object category which has just one

non-identity arrow. That non-identity arrow, we saw in proving Theorem 17,

is trivially both monic and epic, but lacks an inverse. Or here’s a generalized

version of the same idea:

(1) Take the category P corresponding to the pre-ordered objects pP,ďq, as in

§4.5 (C4). Then there is at most one arrow between any given objects of

P. But if f ˝ g “ f ˝ h, then g and h must share the same object as source
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and same object as target, hence g “ h, so f is monic. Similarly f must

be epic. But no arrows other than identities have inverses.

The arrows in that example aren’t functions, however. So here’s a revealing case

where the arrows are functions but where being monic and epic still doesn’t

imply having an inverse:

(2) Consider the category Mon of monoids. Among its objects are N “ pN,`, 0q
and Z “ pZ,`, 0q – i.e. the monoid of natural numbers equipped with ad-

dition and the monoid of positive and negative integers equipped with

addition. Let i : N Ñ Z be the map which sends a natural number to

the corresponding positive integer. This map obviously does not have an

inverse in Mon. But it is both monic and epic.

That last claim is interesting enough to be worth pausing to prove it:

Proof. First, for the easy half, suppose M “ pM, ¨, 1M q is some monoid and we

have two arrows g, h : M Ñ N , where g ‰ h. There is then some M-object m

such that the natural numbers gpmq and hpmq are different, which means that

the corresponding integers ipgpmqq and iphpmqq are different, so i ˝ g ‰ i ˝ h.

Contraposing, this means i is monic in the category.

Second, for the trickier direction, again take a monoid M and this time con-

sider any two monoid homomorphisms g, h : Z ÑM such that g˝ i “ h˝ i. Then

g and h must agree on all integers from zero up. We’ll now show that g and h

agree on negative integers too, starting from ´1. So note we have

gp´1q “ gp´1q ¨ 1M “ gp´1q ¨ hp0q “ gp´1q ¨ hp1`´1q

“ gp´1q ¨ hp1q ¨ hp´1q “ gp´1q ¨ gp1q ¨ hp´1q

“ gp´1` 1q ¨ hp´1q “ gp0q ¨ hp´1q “ 1M ¨ hp´1q “ hp´1q.

But if gp´1q “ hp´1q, then

gp´2q “ gp´1`´1q “ gp´1q ¨ gp´1q “ hp´1q ¨ hp´1q

“ hp´1`´1q “ hp´2q,

and the argument iterates, so we have gpzq “ hpzq for all z P Z, positive and

negative. Hence g “ h and i is right-cancellable, i.e. epic.

And note too, picking up a point from the end of §7.1(b), i in this example is

an epic arrow which is a function but isn’t surjective.

(b) The moral of our last examples? If we want isomorphisms to be invertible,

then we’ll just have to build in that feature by definition! So:

Definition 31. An isomorphism in category C is an arrow which has an inverse.

We conventionally represent isomorphisms by decorated arrows, thus: ÝÑ„ . 4

From what we have already seen, we know or can immediately check that

Theorem 20. (1) Identity arrows are isomorphisms.
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(2) An isomorphism f : C ÝÑ„ D has a unique inverse which we can call

f´1 : D ÝÑ„ C, such that f´1 ˝ f “ 1C , f ˝ f´1 “ 1D, pf´1q´1 “ f ,

and f´1 is also an isomorphism.

(3) If f and g are isomorphisms, then g ˝ f is an isomorphism if it exists,

whose inverse will be f´1 ˝ g´1. l

Let’s give some simple examples of isomorphisms in different categories:

(1) In Set, the isomorphisms are the bijective set-functions.

(2) In Grp, the isomorphisms are the bijective group homomorphisms.

(3) In Vectk, the isomorphisms are invertible linear maps.

(4) But as we noted, in a pre-order category, the only isomorphisms are the

identity arrows.

(c) Isomorphisms are monic and epic by Theorem 17. But as noted, arrows

which are monic and epic need not be isomorphisms. However, we do have this:

Theorem 21. If f is both monic and has a right inverse (or both epic and has a

left inverse), then f is an isomorphism.

Proof. If f has a right inverse, there is a g such that f ˝g “ 1. Then pf ˝gq˝f “ f ,

whence f ˝ pg ˝ fq “ f ˝ 1. Hence, given that f is also mono, g ˝ f “ 1. So g is

both a left and right inverse for f , i.e. f has an inverse. Dually for the other half

of the theorem.

Here’s another easy result in the vicinity:

Theorem 22. Suppose the following diagram commutes:

A B

X

f

i

g

j

In other words, suppose f and g are both monic arrows with the same target,

and each factors through the other, i.e. there are i, j such that f “ g ˝ i and

g “ f ˝ j. Then the factors i and j are isomorphisms and inverse to each other.

Proof. We have f ˝ 1X “ f “ g ˝ i “ f ˝ j ˝ i. Since f is monic, j ˝ i “ 1X .

Similarly, i ˝ j “ 1Y . So i and j are each other’s two-sided inverse, and both are

isomorphisms.

(d) Finally, we should mention a bit of standard terminology:

Definition 32. A category C is balanced iff every arrow which is both monic and

epic is in fact an isomorphism.

Then we have seen that some categories like Set are balanced, while others like

Mon are not. Top is another example of an unbalanced category.
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7.6 Isomorphic objects

(a) We can now introduce another key notion:

Definition 33. If there is an isomorphism f : C ÝÑ„ D in C then the objects C,D

are said to be isomorphic in C, and we write C – D. 4

From the ingredients of Theorem 20, we immediately get the desirable result

that

Theorem 23. Isomorphism between objects in a category C is an equivalence

relation.

An isomorphism between objects in a category also induces a bijection between

the arrows to (or from) those objects:

Theorem 24. If C – D in C, then there is a one-one correspondence between

arrows X Ñ C and X Ñ D for all objects X in C, and likewise a one-one

correspondence between arrows C Ñ X and D Ñ X.

Proof. If C – D then there is an isomorphism j : C ÝÑ„ D. Consider the map

which sends an arrow f : X Ñ C to f “ j ˝ f : X Ñ D. This map f ÞÑ f

is injective (for f “ g entails j´1 ˝ f “ j´1 ˝ g and hence f “ g). It is also

surjective (for any g : X Ñ D, put f “ j´1 ˝ g then f “ g). That gives us a

one-one correspondence between arrows X Ñ C and X Ñ D.

The dual claim is proved similarly.

(b) We mentioned earlier the example where we have, living in Grp, lots of

instances of a Klein four-group which are group-theoretically indiscernible by

virtue of being isomorphic (indeed, between any two instances, there is a unique

isomorphism). And yes, we then cheerfully talk about the Klein four-group.

There is a real question, however, about just what this way of talking amounts

to, when we seemingly identify isomorphic objects. Some claim that category

theory itself throws a lot of light on this very issue (see e.g. Mazur 2008). And

certainly, category theory doesn’t care (or at least, typically doesn’t care) about

distinguishing isomorphic objects in a category.

However, note that there is a unique bijection between any two singleton sets

– so, in the category Set any two singletons count as isomorphic. Yet it would

strike us as very odd to say that we can always happily talk about the singleton.

To be sure, there are contexts where any singleton will do: recall how in §4.7 we

associated elements x of a set X one-to-one with arrows ~x : 1 Ñ X (where indeed

any singleton you like will serve to make the point). But in other contexts, the

pairwise distinctness of singletons would seem be important, e.g. when we treat

tHu, ttHuu, tttHuuu, ttttHuuuu, . . . as a sequence of distinct singletons in one

possible construction (Zermelo’s) for the natural numbers.

But we can’t delay to explore this issue any further just at the moment: we are

just flagging up that there are questions we’ll eventually want to discuss around

and about the idea of isomorphism-as-sameness.
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7.7 Groups as categories

Finally in this chapter, recall that we can consider a particular monoid as itself

giving rise to a category – see §4.5 (C3). Let’s now pause to remark that in just

the same way, a particular group gives rise to a category, but this time one with

a bit more structure.

So take a group pG, ˚, eq and define G to be the corresponding category whose

sole object ‚ is whatever you like, and whose arrows are the simply the group

objects G, with e the identity arrow. Composition of arrows in G is defined as

group-multiplication of elements in G.

Now, since every element in the group has an inverse, it follows immediately

that every arrow in the corresponding category G has an inverse. This is the key

difference from a monoid-as category.

In sum then, a group-as-a-category is a category with one object and whose

every arrow has an inverse, i.e., is an isomorphism.5

5There’s a more general notion around, of a category with perhaps more than one object
but whose arrows all still have inverses: this is called a groupoid. But we won’t be needing this
idea.
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When we defined an isomorphism in the previous chapter, we characterized a

type of arrow not by (so to speak) its internal workings – not by how it operated

on its source and target domains – but by reference to its interaction with another

arrow, its inverse. This is entirely typical of a category-theoretic (re)definition

of a familiar notion: we look for similarly external, relational, characterizations

of arrows and/or structured objects.

Here is Awodey, offering some similarly arm-waving remarks about what he

calls “category-theoretical definitions”:

These are characterizations of properties of objects and arrows in a

category solely in terms of other objects and arrows, that is, just

in the language of category theory. Such definitions may be said to

be abstract, structural, operational, relational, or perhaps external

(as opposed to internal). The idea is that objects and arrows are

determined by the role they play in the category via their relations

to other objects and arrows, that is, by their position in a structure

and not by what they ‘are’ or ‘are made of’ in some absolute sense.

(Awodey 2010, p. 29)

We proceed, then, in this spirit to give some further examples of external category-

theoretic definitions of a range of familiar notions. A prime exhibit will be the

illuminating treatment of products, starting in the next chapter. In this chapter,

however, we warm up by considering a particularly simple pair of cases.

8.1 Initial and terminal defined

(a) As we noted in §4.7, in a nice category of sets,

(i) For any set X, there is one and only one set-function from the empty set

H to X – namely the empty function. Moreover, if the set S is such that

for every X there is one and only one set-function from S to X, then S is

the empty set.

(ii) For any set X, there is one and only one set-function from X to a singleton

set t‹u – namely the empty function if X is the empty set, or otherwise

the function which maps every member of X to ‹. Moreover, if the set S
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is such that for every X there is one and only one set-function from X to

S, then S is a singleton.

In category-speak, then: in Set the empty set is distinguished by being such

that there is one and only one arrow from it to any object. And a singleton is

distinguished by being such that there is one and only one arrow to it from any

object.

Let’s now introduce a pair of quite natural concepts:

Definition 34. The object I is an initial object of the category C iff, for every

C-object X, there is a unique arrow ! : I Ñ X.

Dually, the object T is a terminal object of C iff, for every C-object X, there

is a unique arrow ! : X Ñ T .1 4

Evidently, an object is initial in C if and only if it is terminal in Cop. The use of

‘!’ to signal the unique arrows from an initial object (or to a terminal object) is

quite common. If we want explicitly to indicate the source (or target) of such a

unique arrow, we can write e.g. ‘!X ’.

Then, in summary, we’ve just noted that

(1) The empty set is initial in Set, while any singleton is terminal.

Let’s immediately have some more examples;

(2) In the pre-ordered set pN,ďq thought of as a category, zero is trivially the

unique initial object and there is no terminal object. By contrast pZ,ďq
has neither initial nor terminal objects.

More generally, pP,ďq-treated-as-a-category has an initial object iff the

pre-order has a minimum, an object which ď-precedes all the others. Dually

for terminal objects/maxima.

(3) Set‹, recall, is the category whose objects are non-empty sets equipped

with a distinguished member and whose arrows are functions preserving

distinguished members. Such a function from a singleton in Set‹ must map

its (automatically distinguished) member to the distinguished member of

its target X. And any such function from X to a singleton will be unique.

Hence in Set‹ each singleton is both initial and terminal.

(4) In Rel, the category of sets and relations, the empty set is both the sole

initial and sole terminal object.

(5) As in effect noted in §2.4, in Grp the trivial one-element group is an initial

object. The same one-element group is also terminal.

(6) Things are more interesting in Rng: the ring of integers is initial in this

category. (Why so? Every ring R contains a 1, 1 ` 1, 1 ` 1 ` 1, 1 ` 1 `

1 ` 1, ldots, not necessarily all distinct. There will always be a unique

ring homomorphism from the ring of integers to R which maps the integer

1Some call terminal objects final ; and then that frees up ‘terminal’ to mean initial or final.
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n ą 0 to the n-old sum of 1s in R. If you know about rings, you’ll be able

to finish the story!)

(7) In Top, the empty set (considered as a trivial topological space) is the

initial object. Any one-point singleton space is a terminal object.

(8) In the category PropL of propositions in the first-order language L, K is

initial and J is terminal.

(9) In the category Bool, the trivial one-object algebra is terminal. While the

two-object algebra on t0, 1u familiar from propositional logic is initial –

for a homomorphism of Boolean algebras from t0, 1u to B must send 0 to

the bottom object of B and 1 to the top object, and there’s a unique map

that does that.

(10) Recall: in the slice category C{X an object is essentially a C-arrow like

f : A Ñ X, and a C{X arrow from f : A Ñ X to g : B Ñ X is essentially

a C-arrow j : AÑ B such that g ˝ j “ f in C.

Consider the C{X object which is the C-arrow 1X . A C{X arrow from

f : A Ñ X to 1X : X Ñ X is a C-arrow j : A Ñ X such that 1X ˝ j “ f ,

i.e. such that j “ f – which always exists and is unique! So 1X is terminal

in C{X.

Such various cases show that a category may have zero, one or many initial ob-

jects, and (independently of that) may have zero, one or many terminal objects.

Further, an object can be both initial and terminal.

There is, incidentally, a standard bit of jargon for the last case:

Definition 35. An object O in the category C is a null object of the category C
iff it is both initial and terminal.2 4

8.2 Uniqueness up to unique isomorphism

Evidently, the ideas of being initial and being terminal are dual, as they can be

interrelated by reversing arrows. So for every general result about initial objects,

there is a dual result about terminal objects.

Now, a category C, to repeat, may have no initial objects, or only one, or have

many. However, we do have the following key results:

Theorem 25. Initial objects, when they exist, are ‘unique up to unique isomor-

phism’: i.e. if the C-objects I and J are both initial in the category C, then there

is a unique isomorphism f : I ÝÑ„ J in C. Dually for terminal objects.

Proof. Suppose I and J are both initial objects in C. By definition there must

be unique C-arrows f : I Ñ J , and g : J Ñ I. Then g ˝ f is an arrow from I

2Null objects are often alternatively called ‘zero’ objects. But that perhaps doesn’t sit
happily with the standard practice we will adopt of using ‘0’ for an initial object. For 0 (in
the sense of an initial object) typically isn’t a zero (in the sense of null) object.

67



Initial and terminal objects

to itself. But we know that one arrow from I to itself is the identity arrow 1I .

And since I is initial, there can only be one arrow from I to itself. Therefore

g ˝ f “ 1I . Exactly similarly, we can show f ˝ g “ 1J .

Hence the unique arrow f has a two-sided inverse and is an isomorphism.

Theorem 26. If I is initial in C and I – J , then J is also initial. Dually for

terminal objects.

Proof. Suppose (i) I is initial and (ii) I – J . By (i), for any X, there is a unique

arrow f : I Ñ X. By (i) and (ii) the unique arrow i : I Ñ J is an isomorphism.

Now take any arrow g : J Ñ X. Then g ˝ i : I Ñ X, and so by the uniqueness

of arrows from I, g ˝ i “ f . Hence g must be equal to f ˝ i´1. In other words,

for any X there is a unique arrow g from J to X: thus J is also initial.

The dual of this line of argument delivers, of course, the dual result.

It is standard to introduce notation for arbitrary initial and terminal objects

(since categorially, we often won’t care about distinctions among instances):

Definition 36. We use ‘0’ to denote an initial object of C (assuming one exists),

and likewise ‘1’ to denote a terminal object. 4

8.3 Elements

(a) Consider the category Set again. As we have remarked before, arrows

~x : 1 Ñ X from a terminal object (a singleton!) correlate one-to-one with el-

ements x P X: so, when working in Set, we can think of talk of such arrows

~x : 1 Ñ X as the categorial version of talking of members of X.

Now think of using ~x : 1 Ñ X to pick out an element x from X, and then

apply the function f : X Ñ Y to this element, to land at the element fx in Y .

This element corresponds, of course, to the arrow
ÝÑ
fx : 1 Ñ X, and then we get

this commuting diagram:

1 X Y~x

~fx

f

So:
ÝÑ
fx “ f ˝ ~x.3

(b) We just said that in Set we can treat talk of arrows ~x : 1 Ñ X as the

categorial version of talking of members of X. I suppose we had better check,

though, that it can’t matter which terminal object 1 we use here.

So suppose 1 and 11 are two terminal objects in Set. Crucially, there is a unique

isomorphism j : 1 ÝÑ„ 11. Then if ~x1 : 11 Ñ X picks out a certain member of X,

then ~x “ ~x1 ˝ j : 1 Ñ X picks out the very same object: and the isomorphism

3If we drop the over-arrow notation to mark arrows, and drop the optional sign for com-
position, this would become, not very helpfully, fx “ fx: so perhaps it really is best to stick
to our more explicit notation here!
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j induces a one-to-one correspondence between an element-as-arrow ~x1 and the

element-as-arrow ~x. Phew!

(c) We now generalize and carry the idea over to other categories:

Definition 37. In a category C with a terminal object 1, an element or point of

the C-object X is an arrow f : 1 Ñ X.4 4

And here’s a little theorem to help fix ideas:

Theorem 27. Point elements ~x : 1 Ñ X in a category are monic.

Proof. Suppose ~x˝f “ ~x˝g; then, for the compositions to be defined and equal,

both f and g must be arrows Y Ñ 1, for the same Y . Hence f “ g since 1 is

terminal.

(d) We can immediately see, however, that in categories C other than Set, these

so-called ‘elements’ 1 Ñ X often won’t line up nicely with the elements of X

in the intuitive sense. In Grp, for example, a homomorphism from 1 (remember,

that’s a one-element group) to a group X has to send the only group element

of 1 to the identity element e of X: so there is only one possible homomorphism

~e : 1 Ñ X, independently of how many elements there are in the group X.

Put it this way. An arrow 1 Ñ X shines a very narrow beam into X. Varying

through all the possible arrows 1 Ñ X in Set will turn the spotlight through

all the different elements (in the ordinary sense) of X. While varying through

all the possible arrows 1 Ñ X in Grp keeps the spotlight trained on the same

element, the identity element of X.

We can frame this observation in more categorial terms. First let’s say:

Definition 38. Suppose the category C has a terminal object 1. And suppose

that for any objects X,Y in C, and parallel arrows f, g : X Ñ Y , f “ g if for all

~x : 1 Ñ X, f ˝ ~x “ g ˝ ~x. Then C is said to be well-pointed. 4

Set is, in this sense, well-pointed. There are enough elements-as-arrows to ensure

that parallel arrows with domain X which act identically on all relevant elements

of X are in fact identical.

By contrast, we have just noted that Grp is not well-pointed. Take any two

group homomorphisms f, g : X Ñ Y where f ‰ g. Still, for all possible ~x : 1 Ñ X,

both f ˝ ~x and g ˝ ~x must send the sole member of 1 to the identity element of

the group Y, so are equal.

(e) Our definition of well-pointedness invokes a choice of the terminal object 1

in terms of which we define elements ~x : 1 Ñ X. If the notion of well-pointedness

is to be useful, though, the choice of terminal object should not matter. And it

doesn’t. Again, I suppose we had better check that.

4Other standard terminology for such an element is, rather oddly, ‘global element’, picking
up from a paradigm example in topology – but we won’t fuss about that.
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Theorem 28. Take two terminal objects 1 and 11 and define two different types

of point elements of X in C as arrows 1 Ñ X and 11 Ñ X. C is well-pointed with

respect to elements of the first kind iff it is well-pointed with respect to elements

of the second kind.

Proof. We need only prove one direction. By the same argument as we used in

the case of Set, if 1 and 11 are terminal, there is a unique isomorphism j : 1 Ñ 11,

and we can set up a one-one correspondence between elements ~x : 1 Ñ X and

~x1 : 11 Ñ X by putting ~x “ ~x1 ˝ j.

Assume C is well-pointed with respect to elements of the first kind. Then, for

all f, g : X Ñ Y , if f ˝ ~x1 “ g ˝ ~x1, then f ˝ ~x “ f ˝ ~x1 ˝ j “ g ˝ ~x1 ˝ j “ g ˝ ~x, and

therefore by well-pointedness with respect to elements of the first kind f “ g.

Which proves well-pointedness with respect to the second sort of element.

8.4 ‘Generalized elements’

(a) We have just seen in the case of Grp that, even when arrows in a category

are functions, acting the same way on all point elements need not imply being

the same arrow. An obvious question arises: can we generalize the notion of an

element so that acting the same way on ‘generalized elements’ does imply being

the same arrow?

Well, suppose we say, as some do, that

Definition 39. A generalized element (of shape S) of the object X in C is an

arrow s : S Ñ X. 4

‘Generalized elements’ give us more ways of interacting with the data of a cate-

gory than the original point elements. And, rather trivially, we indeed have

Theorem 29. Parallel arrows in a category C are identical if and only if they

act identically on all generalized elements.

Proof. If f, g : X Ñ Y act identically on all generalized elements of X, they in

particular act identically on the generalized element 1X : X Ñ X: so f ˝ 1X “

g ˝ 1X , and f “ g.

The converse that, if f, g : X Ñ Y are identical, they act identically on any

generalized element is even more immediate.

(b) We might wonder though whether it isn’t quite a jump to go from point

elements of X (arrows from a terminal object to X) to generalized elements of

X (arrows from any object at all to X). We’ll have to see later how useful such

a sweepingly generalized notion can be.

We might also remark that there is something rather odd about calling any

arrow S Ñ X a sort of ‘element’ of X. For example, suppose we are in the

category of topological spaces, and S1 is a circle. Then a ‘generalized element

of shape S1’ in X is an arrow from S1 Ñ X. In other words, it is a continuous

map which yields a loop in X. But do we really want to think of such a loop as
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in any sense an ‘element’ of X? Doesn’t this ‘generalized element’ correspond,

rather, to a subspace of X?

Maybe it is best to avoid the ‘generalized element’ jargon. So I will do that.

And it is noticeable that quite a few writers on category theory do the same.5

5To take just three relatively recent examples of introductory books, none of Simmons
(2011), Roman (2017) and Fong and Spivak (2019) have occasion to use the terminology. I
believe it was introduced by Lawvere, so unsurprisingly we find it used in e.g. Lawvere and
Roseburgh (2003, pp. 15–17); but the remarks there about why talk of ‘generalized elements’
is apt do seem philosophically pretty confused.
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9 Pairs and products, pre-categorially

The discussion in the last chapter illustrates an absolutely key categorial theme.

We defined initial objects and terminal objects not ‘internally’ but ‘externally’

in terms of the arrows for which they are source or target, and then we showed

that the objects defined this way are ‘unique up to unique isomorphism’. This is

a pattern which will keep on recurring in rather more exciting contexts, starting

in the next chapter when we give a categorial definition of products.

Now, we are very familiar in pre-categorial maths with constructing products

for all kinds of widgets. The paradigm case, of course, is where we take sets

X and Y and form their Cartesian product, the set of ordered pairs of their

elements. But it is well worth pausing to ask rather more carefully than usual:

what does it take for some objects to count as ordered pairs?

That’s the question for us to think about in this chapter in pre-categorial

terms. Our answer will then point forward in a very natural way to the standard

categorial treatment of products given in the next chapter.1

9.1 Two ways of pairing numbers

(a) Suppose for a moment that we are working in a theory of arithmetic and

we need to start considering ordered pairs of natural numbers. Perhaps we want

to go on to use such pairs in constructing integers or rationals.

Then we can easily handle such ordered pairs of natural numbers without tak-

ing on any new commitments, by the trick of using code-numbers. For example,

if we want a bijective coding between pairs of naturals and all the numbers, we

could adopt the scheme of coding the ordered pair m,n by the single number

xm,nyB “def tpm ` nq2 ` m ` 3nu{2. Or, if we don’t insist on every number

coding a pair, we could adopt the simpler policy of using powers of primes,

setting xm,nyP “def 2m3n, which allows rather simpler decoding functions for

extracting m and n from xm,nyP .

1I think it is illuminating to take things slowly and to work up to the categorial story this
way. Some authors introduce products much more briskly, later in the game and in a more
sophisticated setting, after developing category theory much further than we have so far done:
see for example Leinster (2014, p. 107), Riehl (2017, p. 77) and – with even less by way of
intuitive motivation – Roman (2017, p. 98).

But this approach, which is technically fine of course, completely misses the opportunity to
make the categorial treatment of products seem as uncontrived as it really is.
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9.1 Two ways of pairing numbers

Relative to this coding scheme, we can call such code-numbers xm,nyP pair-

numbers; and by a slight abuse of terminology we might refer to m as the first

element of the pair, and n as the second element.

(b) Now, you might be very tempted to protest that this coding trick is quite

unnatural compared with the set-theoretic way of dealing with ordered pairs of

numbers. After all,

(i) a single pair-number xm,nyP as just defined is really neither ordered nor

a twosome;

(ii) the number m is a member of (or is one of) the pair of m with n, but a

number can’t be a genuine member of a pair-number xm,nyP ; and

(iii) such a coding scheme is quite arbitrary (e.g. we could equally well have

used 3m5n as a code for the pair m,n).

And that is all true, of course. But note that we can lay exactly analogous

complaints against e.g. the familiar Kuratowski implementation of ordered pairs

that we all know and love. This treats the ordered pair of m with n as the set

xm,nyK “ ttmu, tm,nuu. But then:

(i1) xm,nyK is not intrinsically ordered (after all, it is just a set !), nor is it

always two-membered (consider the case where m “ n);

(ii1) even when it is a twosome, its members are not the members of the pair:

in standard set theories, m cannot be a member of ttmu, tm,nuu; and

(iii1) the construction again involves quite arbitrary choices: thus ttnu, tm,nuu

or tttmu,Hu, ttnuuu etc., etc., would have done just as well as alternative

implementations.2

On these counts, then, coding pairs of numbers by using pair-numbers in fact

involves no worse a trick than coding them using Kuratowski’s standard gadget.

There is indeed a rather ironic symmetry between the adoption of pair num-

bers as representing ordered pairs of numbers and another very familiar proce-

dure adopted by the enthusiast for working in ZFC. For remember that standard

ZFC knows only about pure sets. So to get natural numbers into the story at all

– and hence to get Kuratowski pair-sets of natural numbers – the enthusiast for

sets has to choose some convenient sequence of sets to implement the numbers

(or to ‘stand proxy’ for numbers, ‘simulate’ them, ‘play the role’ of numbers, or

even ‘define’ them – whatever your favourite way of describing the situation is).

But someone who, for her particular purposes, has opted to play the game this

way, treating pure sets as basic and dealing with natural numbers by selecting

some convenient sets to implement them, is hardly in a position to complain

about someone else who, for his purposes, goes in the opposite direction and

treats numbers as basic and deals with ordered pairs of numbers by choosing

some convenient code-numbers to implement them. Both theorists are in the

implementation game.

2The second of these is based on the first set-theoretic definition of an ordered pair, due
to Norbert Weiner in 1914.
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(c) It might be retorted that the Kuratowski trick has the virtue of being an all-

purpose device, available not just when you want to talk about pairs of numbers,

while e.g. the powers-of-primes coding is of much more limited use. Again true.

Similarly you can use a hammer to crack all sorts of things, while nutcrackers

are only useful for dealing with nuts. But that’s not particularly to the point if it

happens to be nuts you currently want to crack, efficiently and with light-weight

resources. Similarly, if we want to implement ordered pairs of numbers without

ontological inflation – say in pursuing the project of ‘reverse mathematics’ (with

its eventual aim of exposing the minimum commitments required for e.g. doing

classical analysis, as in Simpson 2009) – then pair-numbers are exactly the kind

of thing we need.

9.2 Pairing schemes again

(a) So: pair-numbers xm,nyP and Kuratowski pairs xm,nyK belong to two dif-

ferent schemes for pairing up numbers, each of which works well enough (though

a particular surrounding context might lead us to prefer one to the other). Let’s

now ask: what does it take to have such a workable scheme for pairing numbers

with numbers? Or, more generally, to have a scheme for pairing up other Xs

with Y s?

We’ve been here before of course, in §2.3. In essence, we need some objects O

to code up pairs; we need a binary function that sends a given x from the Xs

and a given y from the Y s to a particular pair-coding object o; and (of course!)

we need a couple of functions which allow us to recover x and y from o. And

the point illustrated by the case of rival pairing schemes for numbers is that we

shouldn’t care too much about the ‘internal’ nature of the objects O, so long as

we can associate them ‘externally’ with suitable pairing and unpairing functions

which fit together in the obviously required way.

(b) Our earlier Defn. 3 which characterized pairing schemes was somewhat

informally phrased. Let’s now tidy things up – and just for local typographical

neatness, I’ll now use ‘pr’ generically for a pairing function (rather than ‘x , y’).

So: assume X are some objects, as are Y, as are O (these may or may not be all

distinct). And assume ‘x’, ‘y’ and ‘o’ are typed variables running over X, Y and

O respectively. Then:

Definition 3*. Let pr : X,Y Ñ O be a two-place function, while π1 : O Ñ X,

and π2 : O Ñ Y, are one-place functions. Then pO, pr , π1, π2q form a scheme for

pairing X with Y iff for all x, y and o, the following conditions hold:

(I) π1pprpx, yqq “ x and π2pprpx, yqq “ y,

(II) prpπ1o, π2oq “ o,

The objects O will be said to be the pair-objects of the pairing scheme, with

pr the associated pairing function, while π1 and π2 are unpairing or projection

functions. 4
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Of course, (I) just records the desideratum that if we pair up objects using pr,

and then unpair using π1 and π2, we get back to where we started. While (II)

records the complementary desideratum that if we take a pair-object, extract

the two paired objects by using π1 and π2, and then pair up the results again

using pr, we also get back where we started.

It hardly needs to be said that, if O are all the natural numbers of the form

2m3n and prpm,nq “ xm,nyP “ 2m3n, with π1o and π2o returning respectively

the exponent of 2 and 3 in the factorization of o, then pO, pr , π1, π2q officially

form a scheme for pairing naturals with naturals. And ifO1 are all the Kuratowski

pairs xm,nyK , with pr1pm,nq “ xm,nyK , and with π11 and π12 sending a pair

xm,nyK to m and n respectively, then pO1, pr 1, π11, π
1
2q form another scheme for

pairing naturals with naturals.3

(c) We need to check two key facts about pairing schemes as just redefined:4

Theorem 30. If pO, pr , π1, π2q is a pairing scheme, then (1) different pairs of

objects are sent by pr to different pair-objects, i.e. prpx, yq “ prpx1, y1q iff x “ x1

and y “ y1.

Also (2) pr , π1 and π2 are all surjective.

Proof. For (1) suppose prpx, yq “ prpx1, y1q. Then by condition (I) on pairing

schemes, x “ π1pprpx, yqq “ π1pprpx
1, y1qq “ x1, and likewise y “ y1.

We want (2) to be true so that O are no more than just the relevant pair-

objects, a condition which we built into our original Defn. 3. But it is immediate

that pr is surjective by condition (II): any o is the value of pr for the correspond-

ing inputs π1o, π2o.

We also want every x among X to be the first projection of a pair object

o, etc. And it is again immediate that the projection function π1 is surjective

because, given x among X, we can take any y among Y and put o “ prpx, yq,

and then by (I), x is the value of π1 for input o. Similarly for π2.

(d) As we’d also expect, for given candidate pair-objects O, a pairing function

fixes the two corresponding projection functions required for a pairing scheme,

and vice versa, in the following sense:

Theorem 31. (1) If pO, pr , π1, π2q and pO, pr , π11, π
1
2q are both schemes for pair-

ing X with Y , then π1 “ π11 and π2 “ π12.

(2) If pO, pr , π1, π2q and pO, pr 1, π1, π2q are both schemes for pairing X with

Y , then pr “ pr1.

Proof. For (1), take any o among O. Suppose o “ prpx, yq (there must be some

such x and y since pr is surjective). Hence, applying (I) to both schemes, π1o “

x “ π11o. Hence π1 “ π11. Similarly π2 “ π12.

3There is no need to over-interpret the brackets in pO, pr , π1, π2q: they are no more than
punctuation, so you can read ‘the objects O, taken together with the functions pr , π1 and π2’.

4This and the following few results are very straightforward, and I almost left them as
simple exercises. But since all this is rarely spelt out properly, I have decided – at the risk of
seeming patronizing! – to give the proofs.
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For (2), take any x among X, and y among Y , and let prpx, yq “ o, so π1o “ x

and π2o “ y. Then applying (II) to the second scheme, we have pr1px, yq “

pr1pπ1o, π2oq “ o. Whence prpx, yq “ pr1px, yq.

Further, there is a sense in which all schemes for pairing objectsX with objects

Y are equivalent up to a unique isomorphism. More carefully,

Theorem 32. If pO, pr , π1, π2q and pO1, pr 1, π11, π
1
2q are both schemes for pairing

X with Y, then there is a unique bijection f : O Ñ O1 which respects pairing, i.e.

which is such that for all x, y, pr1px, yq “ fpprpx, yqq.

Putting it another way, there is a unique bijection f such that, if we pair x with

y using pr (in the first scheme), use f to send the resulting pair-object o to o1,

and then retrieve elements using π11 and π12 (from the second scheme), we get

back to the original x and y.

Proof. Define f : O Ñ O1 by putting fpoq “ pr 1pπ1o, π2oq. Then it is immediate

that fpprpx, yqq “ pr 1pπ1pprpx, yqq, π2pprpx, yqqq “ pr1px, yq.

To show that f is injective, suppose fpoq “ fpo˚q. Then pr 1pπ1o, π2oq “

pr 1pπ1o
˚, π2o

˚q. Apply π11 to each side and then use condition (I) in Defn. 3*, and

it follows that π1o “ π1o
˚. And likewise π2o “ π2o

˚. Therefore prpπ1o, π2oq “

prpπ1o
˚, π2o

˚q. Whence by condition (II), o “ o˚.

To show that f is surjective, take any o1 amongO1. Then put o “ prpπ11o
1, π12o

1q.

By the definition of f , fpoq “ pr 1pπ1o, π2oq; plugging the definition of o twice

into the right hand side and simplifying using rules (I) and (II) confirms that

fpoq “ o1.

So f is a bijection with the right properties. And since any object among

O is prpx, yq for some x, y, the requirement that fpprpx, yqq “ pr1px, yq fixes f

uniquely.

9.3 Defining products, pre-categorically

(a) We’ve confirmed that pairing schemes as (re)defined in Defn. 3* do work

exactly as we should want. Theorem 30 tells us that in a pairing scheme, different

pairs get coded by different pair-objects, and also there are no redundancies, i.e.

there are no more pair-objects in the scheme than we need. Theorem 31 tells us

that, as we’d expect, pairing and unpairing functions fit together tightly – fix

the first and that determines the second, and vice versa. Theorem 32 tells us

that variant pairing schemes for pairing up X with Y will in a good sense all

‘look the same’.

(b) Let’s now note a couple more theorems about pairing schemes.

We know that in a pairing scheme, the pairing function pr needs to be sur-

jective. And we’ll next show that there’s a sense in which surjectivity is all we

require of pr for a pairing scheme to work, so long as the projection functions

are working properly.

Putting that more carefully, we have:
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Theorem 33. Given objects O,X, Y and functions π1 : O Ñ X, π2 : O Ñ Y ,

suppose that there is a surjective binary function pr : X,Y Ñ O such that

(I) π1pprpx, yqq “ x and π2pprpx, yqq “ y.

Then pO, pr, π1, π2q is a scheme for pairing X with Y.

Proof. Since pr is surjective, for every o ε O, there is some x and y such that

o “ prpx, yq, and hence by (I) π1o “ x and π2o “ y. But then prpπ1o, π2oq “

prpx, yq “ o. Which gives us condition (II) for being a pairing scheme.

And here is a nice corollary:

Theorem 34. Given objects O,X, Y and functions π1 : O Ñ X, π2 : O Ñ Y ,

suppose that there is a unique binary function pr : X,Y Ñ O such that

(I) π1pprpx, yqq “ x and π2pprpx, yqq “ y.

Then pO, pr, π1, π2q is a scheme for pairing X with Y.

Proof. Given our last theorem, it is enough to show that uniqueness for pr

implies surjectivity – or equivalently, that being non-surjective implies being

non-unique.

So suppose pr satisfies (I) but is not surjective. Then there will be at least

one escapee o˚, such that there is no x and y such that prpx, yq “ o˚. So, in

particular, prpπ1o
˚, π2o

˚q ‰ o˚.

Consider then the function pr˚ which agrees with pr on all inputs except that

we stipulate pr˚pπ1o
˚, π2o

˚q “ o˚.

For all values of x and y other than x “ π1o
˚, y “ π2o

˚, (I) still holds.

And by stipulation, for the remaining case π1ppr
˚pπ1o

˚, π2o˚qq “ π1o
˚ and

π2ppr
˚pπ1o

˚, π2o
˚qq “ π2o

˚.

So condition (I) always holds for pr˚, although pr˚ ‰ pr, thereby showing pr

isn’t unique.

(c) OK. With those facts about pairing schemes to hand, let’s turn to thinking

about products.

This chapter started by mentioning the set-theoretic idea of a Cartesian prod-

uct as a set of pair-objects – and such a product is typically implemented by

selecting Kuratowski pairs to function as pair-objects, which come with their

obvious projection functions for unpairing. (But NB, while the choice of projec-

tion functions might be obvious, a choice is needed. We need to know, given the

unordered set ttmu, tm,nuu, whether m is the first or second component of the

represented pair.)

We have now introduced the more general idea of pairing up objects X with

objects Y by using other pairing schemes. And by now we can see that we don’t

want to say that the relevant pair objects O just by themselves form a product of

X with Y – because it again depends crucially on the rest of the pairing scheme

whether O can play the right role, and in particular on how O is equipped

with projection functions. Our last theorem, however, makes the following an

appropriate definition (with notation still as before):
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Definition 40. pO, π1, π2q form a product of objects X with objects Y , where O

are some objects, and π1 : O Ñ X,π2 : O Ñ Y are functions, so long as

(C) There is a unique two-place function pr : X,Y Ñ O satisfying condition

(I) π1pprpx, yqq “ x and π2pprpx, yqq “ y. 4

And look! – out has popped a rather categorially flavoured definition, which

characterizes a product not in terms of the ‘internal’ make up of the pair-objects

O, but ‘externally’ in terms of there being maps to and from O doing certain

jobs.

Terrific. But there’s a snag. There’s an obstacle in the way of simply turning

this into a kosher arrow-theoretic definition. For arrows have single sources (so

in categories where arrows are functions, they are monadic functions); but the

function pr in our last definition is essentially binary.

However, we can rephrase condition (C) to avoid overt reference to pr, like

this:

(C1) For any x among X and y among Y , there is a unique corresponding o

among O satisfying condition (I1) π1o “ x and π2o “ y.

If there is an x and y for which there are after all multiple choices for the value of

o satisfying (I1), then there will be different candidates for pr, defined as mapping

x, y to a corresponding o, which satisfy (I) but whose values peel apart at that

x and y. While conversely, if there are different candidates for pr satisfying (I)

whose values peel apart at some particular x and y, then at those x and y there

will be different values of o “ prpx, yq satisfying (I1).

Tweak Defn. 40 to replace (C) with the equivalent (C1) and – as we will see in

the next chapter – we get a direct lead in to a categorial treatment of products.
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In the previous chapter, we arrived in a very natural way at Defn. 40, which

characterized a product of some objects X and some objects Y as consisting in

some objects O equipped with a pair of projection functions π1 : O Ñ X and

π2 : O Ñ Y, and satisfying a certain condition

(C1) For any x among X and y among Y , there is a unique corresponding o

among O satisfying condition (I1) π1o “ x and π2o “ y.

Now we ask: can we turn this pre-categorial story about products into a properly

categorial account in terms of arrows?

10.1 Products defined categorially

(a) Let’s take things in stages. First, suppose for the present that we are work-

ing in a category like Set, where ‘elements’ in the sense of Defn. 37 do behave

sufficiently like how elements intuitively should behave. Then

1. In this setting, instead of talking of an object x (one of X) and object y

(one of Y ), we can talk instead of two corresponding arrows ~x : 1 Ñ X and

~y : 1 Ñ Y . Again, instead of talking of some object o which is one of the

objects O, we can talk of an arrow ~o : 1 Ñ O.

2. Then, instead of saying as in condition (C1) that π1o “ x and π2o “ y, we

could equivalently say π1 ˝ ~o “ ~x and π2 ˝ ~o “ ~y.

3. And that is trivially equivalent to saying that the following diagram com-

mutes:

1

X O Y

~o
~x ~y

π1 π2

4. Hence we can recast our Defn. 40, at least for categories sufficiently like Set,
by saying that the objects O equipped with projection arrows π1 : O Ñ X

and π2 : O Ñ Y form a product for X and Y in our category just if for
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each ~x : 1 Ñ X and ~y : 1 Ñ Y there is a unique arrow ~o : 1 Ñ O which

makes our diagram commute.

(b) So far, so good. But this will only give us what we want in categories

with enough elements-as-arrows 1 Ñ X, 1 Ñ Y to shine a spotlight on all the

different objects among X and among Y . The story we’ve just told won’t give

us something sensible if we were working e.g. in the category Grp. What to do?

Well, we do now know a potential way of generalizing claims involving elements-

as-arrow pointing to X and Y : replace talk about point elements with talk of

so-called ‘generalized elements’ (see §8.4). In other words, instead of just probing

X and Y with narrow-beam spotlights with source 1, we can probe using arrows

S Ñ X and S Ñ Y more generally.

Which prompts the following official definition:

Definition 41. In any category C, a product pO, π1, π2q for the objects X with

Y is an object O together with projection arrows π1 : O Ñ X,π2 : O Ñ Y , such

that for any object S and arrows f1 : S Ñ X and f2 : S Ñ Y in C, there is

always a unique ‘mediating’ arrow u : S Ñ O such that the following diagram

commutes:

S

X O Y

u
f1 f2

π1 π2 4

Here, by the way, we now adopt a common convention: in a commutative dia-

gram, we use a dashed arrow 99K to indicate an arrow which is to be uniquely

fixed by the requirement that the diagram commutes.

(c) This last definition is often served up ‘neat’, without much preceding cere-

mony. And I suppose it is true that you can just stare very hard at the diagram,

and ‘see’ that it gives the sort of thing we need in a categorial context if O with

its projection arrows is to do the work of a product of X with Y.

Arm-waving more than a bit, the thought might go along these lines. First,

the fact that for any S our diagram always commutes for some arrow u tells

us that, whatever our vantage point S, O packages up and preserves enough

information about X and Y as seen from S (seen via f1, f2) for us to be able

retrieve the information again by going to O via u and then using the projection

arrows to recover f1, f2. While second, the fact that the mediating arrow u is

always unique tells that O packages the information without redundancy, there

is no slack for u to vary over, so O (so to speak) preserves no more than enough.

But that’s not wonderfully transparent. So I do think it has been well worth

taking the longer route our destination. Pre-categorially, we can already see that

Defn. 40 defines a product pO, π1, π2q in an entirely natural way on the basis of

elementary facts about what we want from a pairing scheme. And, as we saw, the
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route from the pre-categorial Defn. 40 to the categorial Defn. 41 is then about

as direct and simple as we could wish.

10.2 Examples

Let’s now have some examples of products in categories.

(1) In Set, as you would most certainly hope, the usual Cartesian product

treated as the set X ˆ Y of Kuratowksi pairs xx, yy of objects from X

and Y , together with the obvious projection functions xx, yy
π1
ÞÝÑ x and

xx, yy
π2
ÞÝÑ y, form a binary product.

Let’s just confirm this. Suppose we are given any set S and functions

f1 : S Ñ X and f2 : S Ñ Y . If, for s P S, we put upsq “ xf1psq, f2psqy,

the diagram evidently commutes. Now trivially, for any pair p P X ˆ Y ,

p “ xπ1p, π2py. Hence if u1 : S Ñ XˆY is another candidate for completing

the diagram, u1psq is a pair, so u1psq “ xπ1u
1psq, π2u

1psqy “ xf1psq, f2psqy “

upsq. Therefore u is unique.

Motivated by this paradigm case, we will often use the notation X ˆ Y for the

object in a binary product of X with Y , thus pX ˆ Y, π1, π2q.

At the end of §2.7, I promised that it would turn out that claims about

product groups can be recast as claims about the existence of appropriate homo-

morphisms between groups. And we now know how to do this by defining a

product of groups in a category of groups. But we should check that this accords

with the pre-categorial Defn. 3 applied to groups conventionally treated as sets:

(2) For groups in the category Grp – which we are taking as living in a universe

of sets – we can use the same Kuratowksi construction for pairs. And then,

relative to that pairing scheme, the standard direct product of the groups

G “ pG, ˚, eq and G1 “ pG1, ˚1, e1q will be the group G ˆ G1 “ pGˆG1, ‹, dq,
where ‹ is defined component-wise (so xx, x1y ‹ xy, y1y “ xx ˚ y, x1 ˚1 y1y)

and d “ xe, e1y. The projection function which sends each xx, x1y to x is

then easily checked to be a group homomorphism π1 : GˆG1 Ñ G. And we

define π2 similarly, of course.

So we now need to check that, thus defined, G ˆ G1 equipped with π1
and π2 is indeed a categorial product. That’s easy, following the same line

of argument as in example (1).

Continuing our examples:

(3) A product of topological spaces defined in the usual way, equipped with the

trivial projection functions recovering the original spaces, is a categorial

product of topological spaces in Top.

(4) Now revisit the category PropL introduced in §4.6, (C15). Its objects are

propositions, closed wffs of a given first-order language L, and there is a

unique arrow from X to Y iff X ( Y , i.e. iff X semantically entails Y .
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In this case, consider the logical product of X with Y , i.e. their conjunc-

tion X ^ Y . Take this together with the obvious projections X ^ Y Ñ X,

X ^ Y Ñ Y (these are arrows because they encode entailments!). Then

this gives us a categorial product of X with Y in PropL.

Why? Take any arrows in PropL from A to X and A to Y – i.e. assume

A ( X and A ( Y. Then of course we have A ( X ^ Y , and we get the

required and necessarily unique mediating arrow from A to X ^ Y !

So far, then, so good: categorial products are lining up nicely with products

intuitively understood.

Let’s have one more example to be going on with:

(5) Take pre-ordered objects pP,ďq considered as a category P as in §4.5, (C4).

So, recall, there is an arrow pÑ q in the category iff p ď q.

Then what is a product of p and q in P? It will be an object pˆ q with

projection arrows to p and q such that for any pair of arrows from s to p

and s to q there is a unique arrow from s to p ˆ q making the diagram

commute:

s

p pˆ q q

Which means that pˆ q ď p and pˆ q ď q, and whenever s ď p and s ď q,

we have s ď p ˆ q. Which means in turn that the object in a categorial

product of p and q in P must be their ‘meet’ or greatest lower bound.

A simple but very important general moral is illustrated by this last example:

since pairs of objects in a pre-ordering need not in general have greatest lower

bounds, this shows that a category in general need not have products (other

than some trivial ones, as we shall see).

10.3 Products as terminal objects

(a) Defn. 41 defines the notion of a product of objects X and Y in a category.

But we can in fact loosely talk of the categorial product of two objects – because

products are unique up to unique isomorphism. We will prove that in the next

section. But it is helpful and illuminating first to introduce a slightly different,

though obviously equivalent, way of defining products.

We need an auxiliary notion. Let’s say

Definition 42. A wedge to X and Y (in category C) is an object S and a pair

of arrows f1 : S Ñ X, f2 : S Ñ Y . Call S the vertex of the wedge. 4
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Then a wedge

X

O

Y

π1

π2

is a product of X with Y iff, for any wedge

X

S

Y

f1

f2

to X and Y , there exists a unique arrow u such that the following diagram

commutes:

X

S O

Y

f1

f2

u

π1

π2

That’s just our previous definition put in different terms, with the diagram

rotated! No mystery here.

We will say in such a case that f1 ‘factors’ as π1 ˝u and f2 as π2 ˝u, and hence

the whole wedge from S into X and Y (uniquely) factors through the product

wedge via the mediating arrow u.

(b) Now for another definition involving wedges.

Recall, the category C{X, the slice category of C over X, has as it objects pair-

ings of C-objects and C-arrows of the form pS, f : S Ñ Xq (see §6.3, and ignore

the irritating complication we mentioned there!). We are now going to introduce

a new category C{XY , the wedge category of C over X and Y. Its objects are

going to be triples of a C-object and two C-arrows of the form pS, f : S Ñ X,

g : S Ñ Y q. In other words – what a surprise! – the objects of the wedge cat-

egory C{XY are C-wedges to X and Y . And looking at the definition of slice

categories, the corresponding definition for arrows in wedge categories should be

predictable (pause for a moment to work it out!).

Thus, we will say:

Definition 43. Given a category C and C-objects X,Y , then the wedge category

C{XY has the following data.

(i) Its objects are all the wedges pS, f1, f2q from any S to X,Y.

(ii) And an arrow from pS, f1, f2q to pS1, f 11, f
1
2q is a C-arrow g : S Ñ S1 such

that the two resulting triangles commute: i.e. f1 “ f 11 ˝ g, f2 “ f 12 ˝ g.

The identity arrow on pS, f1, f2q is 1S , and the composition of arrows in C{XY
is the same as their composition as arrows of C. 4

The definition of the arrows in C{XY should make sense if you think again about

slice categories and/or if you meditate on the following diagram:
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X

S S1

Y

f1

f2

g

f 11

f 12

And with the given definition for arrows, it is easily confirmed that C{XY really

is a category.

(c) Finally, our new notion of the derived category C{XY to hand, we can

revisit our previous definition of a product. A moment’s more reflection shows

that it is straightforwardly equivalent to

Definition 44. A product of X with Y in C is a terminal object of the wedge

category C{XY . 4

Think about it! – this really is rather cute.

10.4 Uniqueness up to unique isomorphism

(a) As noted, products need not exist for arbitrary objects X and Y in a given

category C; and when they exist, they need not be strictly unique. However, when

they do exist, then – as announced – they are ‘unique up to unique isomorphism’

(compare Theorems 25 and 32). That is to say,

Theorem 35. If both pO, π1, π2q and pO1, π11, π
1
2q are products for X with Y in

the category C, then there is a unique isomorphism f : O ÝÑ„ O1 commuting with

the projection arrows (i.e. such that π11 ˝ f “ π1 and π12 ˝ f “ π2).

Note the statement of the theorem carefully. It is not being baldly claimed

that there is a unique isomorphism between any objects O and O1 which are

components of products for some given X,Y. That’s false. For a very simple

example, in Set, take the standard product object XˆX comprising Kuratowski

pairs: there are evidently two isomorphisms between it and itself, given by the

maps xx, x1y ÞÑ xx, x1y, and xx, x1y ÞÑ xx1, xy. The claim is, to repeat, that there

is a unique isomorphism between the objects O of any two products pO, π1, π2q

for X with Y which commutes with the products’ respective projection arrows.

We are now going to prove our theorem twice over – rather ploddingly from

first principles, and then more zippily using our redefinition of products as ter-

minal objects.

Plodding proof. Since pO, π1, π2q is a product for X with Y in C, every wedge to

X and Y factors uniquely through it, including itself. In other words, there is a

unique u such that this diagram commutes:
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O

X O Y

u
π1 π2

π1 π2

But evidently putting 1O for the central arrow trivially makes the diagram com-

mute. So by the uniqueness requirement we know that

(i) Given a product pO, π1, π2q and an arrow u : O Ñ O, if π1 ˝ u “ π1 and

π2 ˝ u “ π2 (so the product factors through itself via u), then u “ 1O.

Now, assuming pO1, π11, π
1
2q is also a product, pO, π1, π2q has to uniquely factor

through it:

O

X O1 Y

f
π1 π2

π11 π12

In other words, there is a unique f : O Ñ O1 commuting with the projection

arrows, i.e. such that

(ii) π11 ˝ f “ π1 and π12 ˝ f “ π2.

And versa versa, since pO, π1, π2q is a product, pO1, π11, π
1
2q has to uniquely factor

through it. That is to say, there is a unique g : O1 Ñ O such that

(iii) π1 ˝ g “ π11 and π2 ˝ g “ π12.

Whence,

(iv) π1 ˝ g ˝ f “ π11 ˝ f “ π1 and π2 ˝ g ˝ f “ π2.

From which it follows – given our initial observation (i) – that

(v) g ˝ f “ 1O

The situation with the products is symmetric so we also have

(vi) f ˝ g “ 1O1

Hence f has a two-sided inverse, i.e. is an isomorphism.

You’ll recognize the key proof idea here is closely akin to the one we used

in proving Theorem 25, showing that initial objects are unique up to unique

isomorphism. And we indeed can just appeal to that earlier result:

Succinct proof using the alternative definition of products. Both pO, π1, π2q and

pO1, π11, π
1
2q are terminal objects in the category C{XY . So by our earlier theorem

there is a unique C{XY -isomorphism f between them. But, by definition, this

has to be a C-arrow f : O Ñ O1 commuting with the projection arrows. And it

is immediate that an isomorphism in C{XY is also an isomorphism in C.
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(b) Here’s a simple corollary of our last theorem.

Theorem 36. In a category where the relevant products exist, X ˆ Y – Y ˆX.

Proof. Suppose pX ˆ Y, π1, π2q is a product of X with Y ; then its mirror image

pX ˆ Y, π2, π1q will obviously serve as a product of Y with X. Hence, by The-

orem 35, there is an isomorphism between the object in that product and the

object Y ˆX of any other product of Y with X.

(c) When discussing terminal objects, we not only showed that they are unique

up to unique isomorphism (Theorem 25) but that any objects isomorphic to them

are also terminal (Theorem 26). Similarly for products: we’ve just shown that

they are unique up to unique isomorphism. We now prove that wedges that

factor through a product via an isomorphism are themselves products.

More carefully:

Theorem 37. If the wedge X O Y
π2π1 is a product of X with Y and

the wedge X O1 Y
π12π11 factors through it by via a mediating arrow

o : O1 ÝÑ„ O which is an isomorphism, then that second wedge is itself a product

of X with Y .

Proof. Take any wedge X S Y
f2f1

. We need to show (i) there is an

arrow v : S Ñ O1 such that fj “ π1j ˝ v (for j “ 1, 2), and (ii) v is unique.

But we are given that X O Y
π2π1 is a product so we know that

there is a unique arrow u : S Ñ O such that fj “ πj ˝u. And we know π1j “ πj ˝o,

hence fj “ π1j ˝ o
´1 ˝ u.

Therefore put v “ o´1 ˝ u, and that satisfies (i).

Now suppose there is another arrow v1 : S Ñ O1 such that fj “ π1j ˝ v
1. Then

we have an arrow o˝v1 : S Ñ O, and also fj “ πj ˝o˝v
1. Which makes the wedge

with the apex S factor through the original product wedge via o ˝ v1. But by

uniqueness of mediating arrows, that means o ˝ v1 “ u. Hence v1 “ o´1 ˝ u “ v.

Which proves (ii).

To put this another way, if X O Y
π2π1 is a product of X with Y

and there is an isomorphism o : O1 ÝÑ„ O, then X O1 Y
π2˝ oπ1˝ o is also a

product of X with Y .

10.5 Notations for mediating arrows

(a) We should note some fairly predictable notation:

Definition 45. Suppose pO, π1, π2q is a binary product for the objects X with

Y , and the wedge X S Y
f1 f2

factors through it. We will now notate

the unique mediating arrow xf1, f2y : S Ñ O. As here:
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S

X O Y

xf1,f2y
f1 f2

π1 π2 4

We should of course check that this product-style notation xf1, f2y for mediating

arrows doesn’t mislead. But indeed we have:

Theorem 38. If xf1, f2y “ xg1, g2y, then f1 “ g1 and f2 “ g2.

Proof. Evidently, f1 “ π1˝xf1, f2y “ π1˝xg1, g2y “ g1, and similarly f2 “ g2.

We will put our shiny new notation for mediating arrows to work in the (optional)

Chapter 12, but you should know it in any case.

(b) A special case is worth noting:

Definition 46. Suppose we are working in a category with the relevant prod-

ucts. Then the wedge X X X1 1 must factor uniquely through the

product X ˆX via an arrow x1X , 1Xy : X Ñ X ˆX.

That unique mediating arrow can also be notated δX , and is the diagonal

arrow from X to X ˆX. 4

In Set, thinking of XˆX in the usual way, δX sends an element x P X to xx, xy.

We can imagine elements xx, xy lying down the diagonal of a two-dimensional

array of pairs xx, yy: hence the label ‘diagonal’ and the notation ‘δ’.

10.6 ‘Universal properties’

Let’s pause for a moment to a quick point.

We have defined a binary product for X with Y categorially as a special sort

of wedge to X and Y. And what makes some wedge a product for X with Y

is that it has a certain universal property – i.e. any other wedge to X and Y

factors uniquely through a product wedge via a unique arrow. Since arrows are

typically functions or maps, we can also say that products are defined by a

universal mapping property.

We’ve already met other examples of such universal mapping properties: ter-

minal and initial objects are also defined by how any other object has a unique

map/arrow to or from them. We will meet lots more examples over coming

chapters.

It is too soon to attempt a formal definition of what it is to be defined by a

universal (mapping) property. For the moment, then, we are just making a first

informal gesture towards a common pattern of categorial definition which we

start to recognize when we repeatedly come across it.
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10.7 Coproducts

(a) We are going now to discuss the duals of products. But first, we should

note a common terminological trope:

Definition 47. Duals of categorially defined widgets are very often called co-

widgets. Thus a co-widget of the category C is a widget of Cop. 4

For just one example, we have met co-slice categories, the duals of slice categories.

True, there is a limit to this sort of thing – no one, as far as I know, talks

e.g. of ‘co-monomorphisms’ (instead of ‘epimorphisms’). But still, the general

convention is used widely. In particular, it is absolutely standard to talk of the

duals of products as ‘co-products’ – though in this case, as in some others, the

hyphen is usually dropped.

(b) The definition of a coproduct is immediately obtained, then, by reversing

all the arrows in our definition of products. Thus:

Definition 48. In any category C, a coproduct pO, ι1, ι2q for the objects X with Y

is an object O together with two ‘injection’ arrows ι1 : X Ñ O, ι2 : Y Ñ O, such

that for any object S and arrows f1 : X Ñ S and f2 : Y Ñ S there is always a

unique ‘mediating’ arrow v : O Ñ S such that the following diagram commutes:

S

X O Y

f1

ι1

v

ι2

f2

The object O in a coproduct for X with Y is very often notated ‘X ‘ Y ’ or

‘X > Y ’. 4

Note, however, that the ‘injections’ in this sense need not be injective or even

monic.

(c) It is useful to introduce another an auxiliary notion. Let’s say

Definition 49. A corner from X and Y (in category C) is an object S and a pair

of arrows f1 : X Ñ S, f2 : Y Ñ S. Call S the vertex of the corner. 4

Draw this situation, to see why corners are sensibly called corners! Then a co-

product of X with Y can be thought of as a corner from X and Y which factors

through any other corner from X and Y via a unique map between the vertices

of the corners.

We could now go on to define a category of corners from X and Y on the

model of a category of wedges to X and Y , and define a coproduct of X with

Y as an initial object of this category. It is a useful check on understanding to

work through the easy details: just reverse arrows!
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10.7 Coproducts

(d) Let’s have some examples of coproducts. Start with easy cases:

(1) In Set, disjoint unions are instances of coproducts.

Given sets X and Y , let X‘Y be the set with members xx, 0y for x P X

and xy, 1y for y P Y . And let the injection arrow ι1 : X Ñ X ‘ Y be the

function x ÞÑ xx, 0y, and similarly let ι2 : Y Ñ X ‘ Y be the function

y ÞÑ xy, 1y. Then pX ‘ Y, ι1, ι2q is a coproduct for X with Y .

To show this, take any object S and arrows f1 : X Ñ S and f2 : Y Ñ S,

and then define the function v : X ‘ Y Ñ S as sending an element xx, 0y

to f1pxq and an element xy, 1y to f2pyq.

By construction, this will make both triangles commute in the diagram

in the definition above.

Moreover, if v1 is another candidate for completing the diagram, then

v1pxx, 0yq “ v1 ˝ ι1pxq “ f1pxq “ vpxx, 0yq, and likewise v1pxy, 1yq “

vpxy, 1yq, whence v1 “ v, which gives us the necessary uniqueness.

(2) In PropL (which we met in §10.2) the disjunction X_Y (with the obvious

injections X Ñ X _ Y , Y Ñ X _ Y ) is a coproduct of X with Y .

(3) In the case of pre-ordered objects pP,ďq considered as a category then a

coproduct of p and q would be an object c such that p ď c, q ď c and such

that for any object d such that p ď d, q ď d there is a unique arrow from

c to d, i.e. c ď d.

Which means that the coproduct of p and q, if it exists, must be their

least upper bound (equipped with the obvious two arrows, of course).

(e) In some cases, however, the story about coproducts gets markedly more

complicated.

I’ll finish this chapter by mentioning one more example. However, the details

really aren’t going to matter later, so this is just for enthusiasts. By all means

skip this result:

(4) In the category Grp, coproducts are (isomorphic to) the so-called ‘free

products’ of groups.

Take the groups G “ pG, ¨, eq, H “ pH,d, dq. Assume that we have doc-

tored the groups if necessary so that now e “ d while ensuring the objects

G and H are otherwise disjoint. Form all the finite ‘reduced words’ G ‹H

you get by concatenating objects from G and/or H, and then multiplying

out neighbouring G-objects by ¨ and neighbouring H-objects by d as far as

you can. Equip these objects G ‹H with the operation ˛ of concatenation-

of-words-followed-by-reduction. Then G ‹H “ pG‹H, ˛, eq is a group – the

so-called free product of the two groups G and H – and there are obvious

‘injection’ group homomorphisms ι1 : G Ñ G ‹H, ι2 : HÑ G ‹H.

Claim: pG ‹H, ι1, ι2q is a coproduct for the groups G and H. That is to

say, for any group K “ pK, ˚, kq and group homomorphisms f1 : G Ñ K,

f2 : HÑ K, there is a unique v such that this commutes:
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K

G G ‹H H

f1

ι1

v

ι2

f2

Proof. Put v : G ‹ H Ñ K to be the group homomorphism that sends

a word such as g1h1g2h2 ¨ ¨ ¨ gr (for gi among G, and hi among H) to

f1pg1q ˚ f2ph1q ˚ f1pg2q ˚ f2ph2q ˚ ¨ ¨ ¨ ˚ f1pgrq. By construction, v ˝ ι1 “ f1,

v ˝ ι2 “ f2. So that makes the diagram commute.

Let v1 be any other candidate group homomorphism to make the diagram

commute. Then, to take a simple example, consider gh (one of the objects

G ‹H). Then v1pghq “ v1pgq ˚ v1phq “ v1pi1pgqq ˚ v
1pi2phqq “ f1pgq ˚ f2pgq “

vpi1pgqq ˚ vpi1pgqq “ vpi1pgq ˚ i1pgqq “ vpghq. Similarly v1phgq “ vphgq.

So by induction over the length of words w we can go on to show quite

generally v1pwq “ vpwq. Hence, as required, v is unique.
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11 Products more generally

We noted at the very end of Chapter 9 that arrows in categories are unary, with

single sources; we don’t have true binary maps of the type f : X,Y Ñ Z. We

now know how to get round this issue in a category with appropriate products:

we can use arrows f : X ˆ Y Ñ Z.

But we won’t say more about this device now; let’s wait until we start putting

it to real work later, beginning in Chapter 15. In this chapter we take up a

different point. So far we have talked of binary products. But we can generalize

in obvious ways. For example, there are . . .

11.1 Ternary products

(a) The definition generalizing the one for binary products should be obvious:

Definition 50. In any category C, a ternary product pO, π1, π2, π3q for the objects

X1, X2, X3 is an object O together with projection arrows πi : O Ñ Xi (for

i “ 1, 2, 3) such that for any object S and arrows fi : S Ñ Xi there is always a

unique arrow arrow u : S Ñ O such that fi “ πi ˝ u. 4

And then, exactly as we would expect, using just the same proof ideas as in

the binary case, we can prove that ternary products are unique up to a unique

isomorphism, i.e.

Theorem 39. If the ternary products pO, π1, π2, π3q and pO1, π11, π
1
2, π

1
3q for X1,

X2, X3 both exist in C, then there is a unique isomorphism f : O ÝÑ„ O1 com-

muting with the projection arrows.

We can safely leave filling in the details as an exercise.

(b) We now note that if C has binary products for all pairs of objects, then it

automatically has ternary products too, for

Theorem 40. pX1ˆX2qˆX3 together with the obvious projection arrows forms

a ternary product of X1, X2, X3.

Proof. We just have to hack through the details. So assume pX1 ˆX2, π1, π2q is

a product of X1 with X2, and also that ppX1 ˆX2q ˆX3, ρ1, ρ2q is a product of

X1 ˆX2 with X3. And now think about the following diagram.
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S

pX1 ˆX2q ˆX3

X1 X1 ˆX2 X2 X3

f1 u f2

v

f3

ρ2
ρ1

π1 π2

So take any object S and the three arrows fi : S Ñ Xi. By our first assumption,

(a) there is a unique u : S Ñ X1 ˆX2 such that f1 “ π1 ˝ u, f2 “ π2 ˝ u. And

by our second assumption, (b) there is a unique v : S Ñ pX1 ˆ X2q ˆ X3 such

that u “ ρ1 ˝ v, f3 “ ρ2 ˝ v.

Therefore f1 “ π1 ˝ ρ1 ˝ v, f2 “ π2 ˝ ρ1 ˝ v, f3 “ ρ2 ˝ v

Now consider the triple wedge ppX1 ˆX2q ˆX3, π1 ˝ ρ1, π2 ˝ ρ1, ρ2q. This, we

claim, is indeed a ternary product of X1, X2, X3. And we’ve just seen that the

triple wedge with vertex S and arrows fi : S Ñ Xi factors through pX1ˆX2qˆX3

via the arrow v. So it only remains to confirm v’s uniqueness in this role.

Suppose we have w : S Ñ pX1ˆX2qˆX3 where f1 “ π1˝ρ1˝w, f2 “ π2˝ρ1˝w,

f3 “ ρ2 ˝ w. Then ρ1 ˝ w : S Ñ X1 ˆ X2 is such that f1 “ π1 ˝ pρ1 ˝ wq,

f2 “ π2 ˝ pρ1 ˝wq. Hence by (a), u “ ρ1 ˝w. But now invoking (b), that together

with f3 “ ρ2 ˝ w entails w “ v.

(c) Of course, an exactly similar argument will show that the product X1 ˆ

pX2 ˆ X3q together with the obvious projection arrows will serve as another

ternary product of X1, X2, X3.

So we immediately get the following corollary:

Theorem 41. Assuming the products exist, X ˆ pY ˆ Zq – pX ˆ Y q ˆ Z.

Proof. Both pX1ˆX2qˆX3 and X1ˆpX2ˆX3q (with their projection arrows)

are ternary products of X1, X2, X3. So Theorem 39 entails that X1ˆpX2ˆX3q –

pX1 ˆX2q ˆX3.

11.2 More finite products

What goes for ternary products goes for n-ary products defined in a way exactly

analogous to Defn. 50. If C has binary products for all pairs of objects it will

have quaternary products such as ppX1ˆX2qˆX3qˆX4, quinary products, and

n-ary products more generally, for any finite n ě 2.

So, to round things out, how do things go for the nullary and unary cases?

Following the same pattern of definition, a nullary product in C would be an

object O together with no projection arrows, such that for any object S there

is a unique arrow u : S Ñ O. Which is just to say that a nullary product is a

terminal object of the category.

And a unary product of X would be an object O and an arrow π1 : O Ñ X

such that for any object S and arrow f : S Ñ X there is a unique arrow u : S Ñ O
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11.3 Infinite products

such that π˝u “ f . PuttingO “ X and π “ 1X evidently fits the bill. So the basic

case of a unary product of X is not quite X itself, but rather X equipped with its

identity arrow (and like any product, this is unique up to unique isomorphism).

Trivially, unary products for all objects exist in all categories.

In sum, suppose we say

Definition 51. A category C has all binary products iff for all C-objects X and

Y , there exists a binary product of X with Y in C. C has all finite products iff

C has n-ary products for any n objects, for all n ě 0. 4

Then our preceding remarks establish

Theorem 42. A category C has all finite products iff C has a terminal object and

has all binary products. l

Need we add that these theorems of course all dualize to coproducts? How?

11.3 Infinite products

We can generalize still further in an obvious way, going beyond finite products

to infinite cases.

Definition 52. Suppose that we are dealing with C-objects Xj indexed by items j

in some suite of indices J (not now assumed finite). Then the product of the Xj ,

if it exists in C, is an object O together with a projection arrow πj : O Ñ Xj for

each index j. It is required that for any object S and family of arrows fj : S Ñ Xj

(one for each index), there is always a unique arrow arrow u : S Ñ O such that

fj “ πj ˝ u. 4

For the same reasons as before, such a generalized product will be unique up to

unique isomorphism.

Now, we are in fact only going to be really interested in cases where the suite

of indices J is not too large, so that it can certainly be represented as a set in

standard set theory. In other words, we are really only going to be interested in

cases where we take products of set-many objects. Ignoring the over-sized cases,

we then say:

Definition 53. A category C has all small products iff for any C-objects Xj , for

j P J where J is some index set, these objects have a product. We notate the

object in the product of such Xj for j P J by ‘
ś

jPJ

Xj ’. 4

Here, ‘small’ is a joke. It doesn’t mean small by any normal standards – it just

indicates that we are taking products over collections of objects that are not too

many to form a set. We’ll be returning to such issues of size in Part II.
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12 Binary products explored

The conceptual basics about products are now in place. This optional chapter

reads into the record a variety of theorems, some just to check that categorial

products have properties we want them to have, and others which will be useful

later. For now, however, you might well be happy just to glance at the first

section and then skip on to the next chapter. You can then occasionally return

to this chapter’s theorems later, if you want, on a need-to-know basis.

To make things a bit more fun (if that’s the right word!), I will state the

chapter’s theorems in the next section as a series of challenges for enthusiasts to

prove, before I go on to give answers to the challenges in the remaining sections.

These answers do quite nicely illustrate some typical proof strategies.

12.1 Challenges!

Start by showing this easiest of results:

Theorem 43. Given a product pX ˆ Y, π1, π2q and arrows S X ˆ Y,
u

v

then, if π1 ˝ u “ π1 ˝ v and π2 ˝ u “ π2 ˝ v, it follows that u “ v.

Next check a result which looks as though it ought to hold (why?)

Theorem 44. In a category which has a terminal object 1, products 1 ˆX and

X ˆ 1 exist, and 1ˆX – X – X ˆ 1.

Here, as always, when we mention just the object in a product, take this to be

equipped with the obvious projection arrows. Also show

Theorem 45. There are categories where the products 0ˆX (or X ˆ 0) always

exists but is not generally isomorphic to 0.

(Hint: you needn’t look beyond the very earliest examples of categories you met.)

Now a lemma which is of later use:

Theorem 46. If 1 1ˆX Xi! is a product, then i is an isomor-

phism. Similarly for the mirror image result.

More interestingly, show:
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12.2 Four simple theorems, and a non-theorem

Theorem 47. Assuming xf, gy and e compose, xf, gy ˝ e “ xf ˝ e, g ˝ ey.

Theorem 48. Given an arrow q : S Ñ X, δX ˝ q “ xq, qy.

Next, provide a definition:

Definition? Suppose we have two arrows f : X Ñ X 1, g : Y Ñ Y 1. Then we will

want to characterize an arrow between products, fˆg : XˆY Ñ X 1ˆY 1, which

works component-wise – i.e., putting it informally, the idea is that f ˆ g sends

the product of elements x and y to the product of fpxq and gpyq. What is an

appropriate categorial definition for f ˆ g?

Check your definition with the one given at the beginning of §12.4. Now ask

yourself: why ought the following theorems hold? Then prove them!

Theorem 49. Suppose we have arrows f : X Ñ X and g : Y Ñ Y , and an

order-swapping isomorphism o : X ˆ Y Ñ Y ˆX. Then o ˝ pf ˆ gq “ pgˆ fq ˝ o.

Theorem 50. Suppose we have parallel arrows f, g : X Ñ Y in a category with

binary products. Then the arrow xf, gy is equal to the composite pf ˆ gq ˝ δX .

Theorem 51. Assume that there are arrows

X X 1 X2

Y Y 1 Y 2

f j

g k

Assume there are products pXˆY, π1, π2q, pX
1ˆY 1, π11, π

1
2q and pX2ˆY 2, π21 , π

2
2q.

Then pj ˆ kq ˝ pf ˆ gq “ pj ˝ fq ˆ pk ˝ gq.

Of course, everything in this chapter will dualize: but let’s leave it as a further

exercise to supply all the corresponding theorems about coproducts.

12.2 Four simple theorems, and a non-theorem

(a) Our first challenge was in fact the gentlest of warm-up exercises. Prove:

Theorem 43. Given a product pX ˆ Y, π1, π2q and arrows S X ˆ Y,
u

v

then, if π1 ˝ u “ π1 ˝ v and π2 ˝ u “ π2 ˝ v, it follows that u “ v.

Proof. The assumptions tell us that the same wedgeX Ð S Ñ Y factors through

the product both via u and via v:

S

X X ˆ Y Y

vu
π1˝u{π1˝v π2˝u{π2˝v

π1 π2

Hence u “ v by uniqueness of mediating arrows.
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(b) Now, as noted, we might reasonably hope the following is indeed true! –

Theorem 44. In a category which has a terminal object 1, products 1 ˆX and

X ˆ 1 exist, and 1ˆX – X – X ˆ 1.

Proof. Following the notational convention of Defn. 34, we will use !X for the

unique arrow from X to the terminal object 1, and 1X is of course the identity

arrow on X.

Consider then the wedge 1 X X
1X!X , and take any other wedge to

1 and X, namely 1 Y X.
f!Y The following diagram then commutes:

Y

1 X X

!Y f
f

!X 1X

(the triangle on the left commutes because there can only be one arrow from

Y to 1 which forces !X ˝ f “ !Y ). And obviously f is the only vertical arrow

which makes this commute. Hence pX, !X , 1Xq satisfies the conditions for being

a product of 1 with X. So, by Theorem 35, given any product p1 ˆ X,π1, π2q,

we have 1ˆX – X. Exactly similarly, X ˆ 1 – X.

(c) Question: do we similarly have 0ˆX – 0 in categories with an initial object

and the relevant product? Answer: Not always.

Theorem 45. There are categories where the product 0 ˆ X or X ˆ 0 always

exists but is not generally isomorphic to 0.

Proof. Take a category like Grp which has a null object, i.e. where 0 “ 1. Then

since every product 1ˆX exists, so does 0ˆX. Now suppose 0ˆX – 0. Then

we would have X – p1ˆXq “ p0ˆXq – 0.

But Grp which has a null object also has other non-isomorphic objects, so we

don’t always have X – 0.

It follows that in Grp it can’t always be the case that 0ˆX – 0.

(d) To reduce clutter, we drop subscripts from unique arrows to terminal ob-

jects (so write simply ‘!’ rather than ‘11ˆX ’ for the unique arrow from 1ˆX to

1), and drop subscripts from identity arrows. It then becomes a nice reality check

to mentally replace subscripts in the following proof of our next little theorem:

Theorem 46. If 1 1ˆX Xi! is a product, then i is an isomor-

phism. Similarly for the mirror image result.

We know from Theorem 44 that there is an isomorphism between 1 ˆ X and

X; but that doesn’t rule out other arrows between them. So it takes another

argument to show that in any product wedge (W) 1 1ˆX X,i! i

has to be an isomorphism.
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12.2 Four simple theorems, and a non-theorem

Proof. Consider, then, the following diagram:

1ˆX

X

1 1ˆX X

! i

i

! 1
u

i!

This commutes. The middle wedge (V) 1 X X1! must factor through

the bottom product (W) via a unique mediating arrow u, and then i ˝ u “ 1.

Similarly (W) as the top wedge factors through (V) as shown. (The top left

triangle commutes, i.e. !X ˝ i “!1ˆX because arrows to the same terminal object

are unique.) But putting the triangles together means that (W) factors through

(W) via the (unique) mediating arrow u ˝ i. But since (W) also factors through

itself via 1, it follows that u ˝ i “ 1.

Having inverses on both sides, i is therefore an isomorphism.

(e) And now, again for future reference, we should remark in passing on a

non-theorem.

Suppose we have a pair of parallel composite arrows built up using the same

projection arrow like this: X ˆ Y X X 1.
π1

f

g
In Set, the projection

arrow here just ‘throws away’ the second component of pairs living in X ˆ Y ,

and all the real action then happens on X: so if f ˝ π1 “ g ˝ π1, we should

also have f “ g. Generalizing, we might then suppose that, in any category,

projection arrows in products are always right-cancellable, i.e. are epic.

This is wrong. Consider the mini category with just four objects together with

the following diagrammed arrows (labelled suggestively but noncommittally),

plus all identity arrows, and the necessary two composites:

X 1 X V Y
g

f π1 π2

If that is all the data we have to go on, we can consistently stipulate that in this

mini-category f ‰ g but f ˝ π1 “ g ˝ π1.

Now, there is only one wedge of the form X ? Y , so trivially

all wedges of that shape uniquely factor through it. In other words, the wedge

X V Y
π1 π2 is trivially a product and π1 is indeed a projection arrow.

But by construction it isn’t epic.
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12.3 Diagonal arrows

Theorem 47. Assuming xf, gy and e compose, xf, gy ˝ e “ xf ˝ e, g ˝ ey.

Proof. xf, gy is a mediating arrow from some S to a product of (say) X and Y .

And since we are assuming xf, gy ˝ e is defined, the target of e must be S.

So this diagram commutes because each triangle commutes:

R

S

X X ˆ Y Y

e

xf˝e,g˝ey

f˝e g˝e

f g
xf,gy

π1 π2

Hence in particular xf, gy ˝e is a mediating arrow factoring the wedge with apex

R through the product X ˆ Y .

But by definition, the unique mediating arrow is xf ˝ e, g ˝ ey.

Theorem 48. Given an arrow q : S Ñ X, δX ˝ q “ xq, qy.

Proof. Consider the following similar diagram:

S

X

X X ˆX X

q

xq,qy
q q

1 1
δX

π1 π2

The inner triangles commute, hence δX ˝ q is a mediating arrow factoring the

wedge with apex S through the product X ˆX.

But looking at the outer triangle, the unique mediating arrow which does that

is by definition xq, qy.

12.4 Maps between two products

(a) Suppose we have two arrows f : X Ñ X 1, g : Y Ñ Y 1. How can we char-

acterize an arrow between products, f ˆ g : X ˆ Y Ñ X 1 ˆ Y 1, which works

component-wise?
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12.4 Maps between two products

In categorial terms, we require f ˆ g to be such that the following diagram

commutes:

X X ˆ Y Y

X 1 X 1 ˆ Y 1 Y 1

f

π1 π2

fˆg g

π11 π12

Note, however, that the vertical arrow is then a mediating arrow from the wedge

X 1 X ˆ Y Y 1
f˝π1 g˝π2

through the product X 1 ˆ Y 1. Therefore f ˆ g is

indeed fixed uniquely by the requirement that that diagram commutes, and must

equal xf ˝ π1, g ˝ π2y.

(b) This shows that the following definition is in good order:

Definition 54. Given the arrows f : X Ñ X 1, g : Y Ñ Y 1, and the products

pXˆY, π1, π2q and pX 1ˆY 1, π11, π
1
2q, then f ˆg : XˆY Ñ X 1ˆY 1 is the unique

arrow such that π11 ˝ pf ˆ gq “ f ˝ π1 and π12 ˝ pf ˆ gq “ g ˝ π2. 4

And just to check everything works as it should, let’s prove our pair of results

which should look reasonably intuitive:

Theorem 49. Suppose we have arrows f : X Ñ X and g : Y Ñ Y , and an

order-swapping isomorphism o : X ˆ Y Ñ Y ˆX. Then o ˝ pf ˆ gq “ pgˆ fq ˝ o.

This ought to hold because it shouldn’t matter whether we first apply f and g

component-wise to a product, and then swap the order of terms in the product,

or alternatively first swap the order of terms, and then apply g and f component-

wise.

Proof. Suppose we have products pX ˆ Y, π1, π2q and pY ˆ X,π11, π
1
2q, and an

isomorphism o : XˆY Ñ Y ˆX. And now consider the following pair of diagrams

(being very careful with the directions of the projection arrows!):

X X ˆ Y Y

X X ˆ Y Y

X Y ˆX Y

f

π1 π2

fˆg g

1X o

π1 π2

1Y

π12 π11

X X ˆ Y Y

X Y ˆX Y

X Y ˆX Y

1X

π1 π2

o 1Y

f gˆf

π12 π11

g

π12 π11

Both diagrams commute, showing that the same wedge X X ˆ Y Y
f˝π1 g˝π2

factors through the bottom product via both o ˝ pf ˆ gq and pg ˆ fq ˝ o. Those

arrows must therefore be equal by the uniqueness of mediating arrows.
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Binary products explored

Theorem 50. Suppose we have parallel arrows f, g : X Ñ Y in a category with

binary products. Then the arrow xf, gy is equal to the composite pf ˆ gq ˝ δX .

Proof. The idea is that it should not matter whether we apply f and g separately

to an element of X and take the product, or take the product of that element

with itself and apply f and g componentwise. So take the diagram

X

X X ˆX X

Y Y ˆ Y Y

δX
1 1

f

π1 π2

fˆg g

π11 π12

This commutes by the definitions of δX and f ˆ g. Hence the following also

commutes:

X

Y Y ˆ Y Y

pfˆgq˝δX
f g

π11 π12

Which makes pf ˆ gq ˝ δX the mediating arrow in a product diagram, so by

uniqueness and the definition of xf, gy, we have pf ˆ gq ˝ δX “ xf, gy.

(c) Here’s a special case: sometimes we have an arrow f : X Ñ X 1 and we want

to define an arrow from XˆY to X 1ˆY which applies f to the first component

of a product and leaves the second alone. Then f ˆ 1Y will do the trick.

Now, it is tempting to suppose that if we have parallel maps f, g : X Ñ X 1

and f ˆ 1Y “ g ˆ 1Y , then f “ g. But this actually fails in some categories

– for example, in the toy category we met in §12.2, whose only arrows are as

diagrammed

X 1 X V Y
g

f π1 π2

together with the necessary identities and composites, and where by stipulation

f ‰ g but f ˝ π1 “ g ˝ π1 (and hence f ˆ 1Y “ g ˆ 1Y ).

(d) Finally in this chapter, here is another result we will need later:

Theorem 51. Assume that there are arrows

X X 1 X2

Y Y 1 Y 2

f j

g k
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12.4 Maps between two products

Assume there are products pXˆY, π1, π2q, pX
1ˆY 1, π11, π

1
2q and pX2ˆY 2, π21 , π

2
2q.

Then pj ˆ kq ˝ pf ˆ gq “ pj ˝ fq ˆ pk ˝ gq.

Proof. By the defining property of arrow products applied to the three different

products we get,

π21 ˝ pj ˆ kq ˝ pf ˆ gq “ j ˝ π11 ˝ pf ˆ gq “ j ˝ f ˝ π1 “ π21 ˝ pj ˝ fq ˆ pk ˝ gq.

Similarly

π22 ˝ pj ˆ kq ˝ pf ˆ gq “ π22 ˝ pj ˝ fq ˆ pk ˝ gq

The theorem then immediately follows by our warm-up lemma Theorem 43.

Well, that was all quite fun as promised, no?
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13 Quotients, pre-categorially

Forming product widgets is a ubiquitous procedure in pre-categorial maths. So

too is forming new widgets by quotienting old widgets by suitable equivalence

relations. The general idea, roughly put, is that we start with a given widget

together with an equivalence relation on its objects, where equivalent objects

behave the same way in the widget. We then, as it were, ‘collapse’ equivalent

objects into a single object, and we arrive at a new widget formed from these

‘collapsed’ objects. In §2.3(c) we saw how this general idea begins to play out in

a particular but typical case, when we form a new group by quotienting an old

one by a suitable congruence relation.

In this chapter, we will think just a little more about how equivalence relations

can be generated and about what is involved in quotienting by an equivalence

relation. These pre-categorial reflections will then give a natural shape to our

categorial story in the next chapter.

13.1 Equivalence relations

(a) Let’s start by defining some terminology and notation:

Definition 55. The function k : Y Ñ Z respects the relation R defined over the

objects Y iff, whenever yRy1, kpyq “ kpy1q.

Definition 56. Given any relation R, then R is the reflexive, symmetric, transi-

tive closure of R, i.e. it is the smallest equivalence relation containing R.

And here is an immediate lemma for future use:

Theorem 52. If k : Y Ñ Z respects the relation R, it also respects its reflexive,

symmetric, transitive closure R.

Proof. First, if we extend a relation R by making it reflexive, we make true

all instances of the form yRy; but correspondingly we of course always have

kpyq “ kpyq, so k still respects R.

Second, if we extend a relation to make it symmetric, we add instances of the

form y1Ry whenever we previously had yRy1. But if k respected the original R

by making kpyq “ kpy1q, we trivially also have kpy1q “ kpyq, so k still respects

the extended R.
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13.1 Equivalence relations

Third, if yRy1 and y1Ry2 and k respects R, then we have kpyq “ kpy1q and

kpy1q “ kpy2q, and hence of course kpyq “ kpy2q. So if we make extend R by

making it transitive, i.e. by adding yRy2 whenever yRy1 and y1Ry2, k will still

respect R.

Repeated operations of extending R in these ways will give us R. So if k

respects R, it respects R.

(b) We want ideas which we can carry over to the categorial context where we

emphasize the role of arrows/functions: so let’s think further about the way that

equivalence relations on Y can relate to functions to and from Y.

Let’s have some more terminology:

Definition 57. Take any function k : Y Ñ Z. Let Ek be the equivalence relation

on the objects Y such that yEky
1 if and only if kpyq “ kpy1q. Ek is then said to

the equivalence kernel of k.

Take any pair of functions f, g : X Ñ Y. Let Pfg be the relation on the objects

Y such that yPfgy
1 if and only if there is some x among X such that fpxq “ y

and gpxq “ y1. Then Pfg is the reflexive, symmetric, transitive closure of Pfg: I’ll

call this the equivalence projection of the pair f and g.

We can note for future use that every equivalence relation „ on Y is the equiv-

alence projection of some parallel functions into Y. Just take X to comprise the

pairs xy, y1y where y „ y1, and let f send a pair xy, y1y to y and g send xy, y1y to

y1. Then of course „ is the equivalence projection of f, g.

(c) Suppose next that we have both a parallel pair of functions f, g into Y ,

and also another function k onwards from Y. In other words, suppose we have a

situation which we can depict like this, using a sort of ‘fork’:

X Y Z
f

g

k

We can ask: what does it take for equivalence projection of f and g to be in fact

none other than the equivalence kernel of k?

Certainly, this much is required: in the notation of our last definition, when

yPfgy
1, then yEky

1. Hence, for any x ε X, kpfpxqq “ kpgpxqq. So we need k ˝f “

k ˝ g; in other words, we need our fork diagram to commute.1 Or putting it
another way, k needs to respect the relation Pfg.

That’s a necessary condition. It ensures that the equivalence relation Ek con-

tains Pfg and hence contains Pfg, the smallest equivalence relation containing

Pfg. But plainly the condition isn’t sufficient. Suppose, for example, k sends

each and every Y -object to the same target. Then entirely trivially, k ˝f “ k ˝g.

But in this case, the corresponding Ek is the largest equivalence relation on Y,

relating any two Y -objects: and in the general case this won’t be the same as

the projected equivalence of f and g.

1Commute, that is to say, in the sense of our tweaked Defn. 19*.
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Quotients, pre-categorially

So the obvious next question to ask is: what happens when we keep the prongs

f and g of our fork fixed, but vary the handle k while still ensuring we get a

commuting diagram? The resulting equivalence kernel Ek will then vary. And

what we are after is the limiting case where the equivalence kernel is the smallest

it can be and so is in fact Pfg. When does this happen?

We’ll put this question on hold for the moment (though it is a nice challenge

to pause to think about), and first return to thinking about . . .

13.2 Quotient schemes again

(a) Suppose we have an equivalence relation on some objects Y, and want to

‘collapse’ equivalent objects. We need some objects Q (which may or may not be

some of Y ) to play the role of the ‘collapsed’ objects, and a function q : Y Ñ Q

which sends equivalent objects among Y to the same target object. But we

don’t want q to be too indiscriminate and to collapse non-equivalent objects.

And we also want to avoid redundant complications, so Q should only include

the necessary target objects.

Wrapping these desiderata into a definition, let’s say

Definition 5* Given some objects Y and an equivalence relation „ defined over

them, then the objects Q and the function q : Y Ñ Q provide a scheme pQ, qq

for quotienting Y by „ just when:

(i) if y „ y1 then qpyq “ qpy1q;

(ii) if qpyq “ qpy1q then y „ y1; and

(iii) q is surjective, so for any o among Q, there is some y among Y such that

o “ qpyq. 4

Notation apart, this is of course the very same idea of a quotient scheme as

introduced in Defn. 5 right back in §2.3.

As we noted before, the canonical example of a scheme for quotienting Y

by „ is provided by taking Q to be „-equivalence classes formed from Y, and

q to be the function that sends an object among Y to the equivalence class

it belongs to. But as we also emphasized, this is just one way of forming a

quotient scheme. Exactly as with a product scheme, what actually matters about

a quotient scheme is that it provides some pQ, qq which – viewed ‘externally’ –

work together as just described in Defn. 5*: the particular ‘internal’ constitution

of Q is not of the essence. There is, in particular, no requirement that quotient-

objects Q really are classes.

(b) Clause (i) of our definition tells us that q respects „. Clauses (ii) and (iii)

together then tell us that q is a limiting case among the functions from Y which

respects „. This thought can be captured by the following theorem:

Theorem 53. pQ, q : Y Ñ Qq is a scheme for quotienting Y by the equivalence

relation „ if and only if (1) q respects „ and (2) for any function k : Y Ñ Z
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13.2 Quotient schemes again

which respects „, there exists a unique u : QÑ Z such that k “ u ˝ q, i.e. such

that this commutes:2

Z

Y

Q

k

q

u

Proof (‘only if ’). Assume that pQ, qq form a scheme for quotienting Y by „. By

condition (iii) in Defn. 5*, every object among Q is qpyq, for some y from Y. So

we can define a function u : Q Ñ Z by saying that, for each y, it sends qpyq to

kpyq.

We need to check that this does indeed well-define a function. But by condi-

tions (i) and (ii), and the assumption that k respects „, we can’t have qpyq “

qpy1q without having kpyq “ kpy1q.

And this is evidently the unique u such that k “ u ˝ q.

Proof (‘if ’). We need to show that if (2) holds, so too do conditions (ii) and (iii)

in Defn. 5*.

For (ii), suppose that q were to send objects in two different „-partitions of

Y to the same q-value, while k (as could be the case) always sends objects in

different „-partitions to different k-values. Then no u will make k “ u˝q. So the

existence condition in (2) means q can’t send objects in two different „-partitions

to the same q-value. So (ii) is satisfied.

For (iii), suppose that, as well as all the requisite q-images of objects from Y,

there are also one or more junk objects among Q. Then k “ u˝q for any u which

sends the q-values of objects in Y to their k-values but sends the junk objects

wherever you like; so u wouldn’t then in general be unique. Contraposing, if the

uniqueness condition in (2) holds, so does (iii).

(c) As with product schemes, we can similarly show that different schemes

for quotienting Y by the equivalence relation „ will all ‘look the same’. More

carefully, we have

Theorem 54. If pQ, qq and pQ1, q1q are both schemes for quotienting Y by „,

then there is a unique bijection f : QÑ Q1 which preserves the way objects from

Y are ‘collapsed together’ by the schemes, i.e. such that q1 “ f ˝ q. And „ will

be the equivalence kernel of both q and q1.

Proof. Since q is surjective onto Q, every object among Q is some qpyq for y

among Y . Likewise, every object among Q1 is some q1pyq. So define f : Q Ñ Q1

as sending qpyq to q1pyq for each y among Y . It is straightforward to check that

this is our needed bijection. The concluding claim is a trivial consequence of our

definitions.

2Yes, we are for the moment working pre-categorially; but we can of course still helpfully
use diagrams in this chapter!
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Quotients, pre-categorially

(d) A minor point. We introduced pairing schemes as combining four items

pO, pr , π1, π2q. And we suggested that don’t want to identify the products deliv-

ered by a pairing scheme simply with the pair-objects O; because it is only when

combined with their projection functions that some pair-objects will play the

role we need. But we can usefully treat products as just combinations pO, π1, π2q

satisfying a certain condition.

Now we have quotient schemes defined as combining two items pQ, qq. Again,

we don’t want to officially identify the quotients delivered by a quotient scheme

as just the objects Q, because without a function q to match items to their

quotient-objects, those objects won’t play the role we need. But then there is

no pruning to be done – so we might as well just treat quotients as simply the

combinations pQ, qq satisfying the right conditions.

13.3 A key result about quotients to carry forward

We can return now to the question we left hanging at the end of §13.1. Given a

commuting fork of the shape

X Y Z
f

g

k

when is the equivalence projection of f and g the same as the equivalence kernel

of k?

And here is the now-probably-predictable answer:

Theorem 55. Suppose that X Y Q
f

g

q
commutes, and for each commuting

fork X Y Z
f

g

k there is a unique u : QÑ Z such that the following whole

diagram commutes:
Z

X Y

Q

f

g

k

q

u

Then pQ, qq is a scheme for quotienting Y by the equivalence projection of f and

g, and this equivalence projection is also the equivalence kernel of q.

Proof. Since the forks commute, we know that q and k respect the relation

Pfg and hence by Theorem 52 respect the equivalence relation Pfg. Hence by

Theorem 53, pQ, qq is a scheme for quotienting Y by Pfg. But then the equivalence

kernel of q is indeed Pfg by Theorem 54. So we are quickly done!

We can therefore relate claims about quotients with claims about limiting cases

of commuting forks. And this looks to be exactly the kind of thing we can directly

carry over into a categorial setting. Let’s do that in the next chapter.
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14 Equalizers and co-equalizers

The informal story that we told in the last chapter suggests that we can treat

quotients in a categorial setting by invoking some particular commuting forks

with unique arrows from them. In this way, the construction will be analogous

to that for initial objects and coproducts.

However, starting out now on our official story, it is conventional to begin

with the dual case. So we will in fact first look at commuting fork diagrams with

arrows in the opposite direction, and then pick out special commuting forks with

unique arrows going to them.

14.1 Forks and equalizers defined

For convenience, we’ll start calling commuting fork diagrams simply ‘forks’ for

short. With the direction of arrows reversed, then,

Definition 58. A fork (from W through X to Y ) consists of an arrow k : W Ñ X

together with parallel arrows f : X Ñ Y and g : X Ñ Y , such that f ˝ k “ g ˝ k.

In other words, to count as a fork, the resulting diagram must commute:1

W X Yk
f

g
4

Now, when we were talking about products, we defined a product wedge from

O to X and Y as a limiting case. It’s a wedge such that any other wedge from W

to X and Y uniquely factors through it. Our next move is exactly analogous: we

will define an equalizing fork starting from E and with the prongs f, g : X Ñ Y

as another limiting case. It’s a fork such that any other fork sharing the same

prongs f, g uniquely factors through it. In other, probably much clearer, words:

Definition 59. Let f, g : X Ñ Y be a pair of parallel arrows in the category C.

Then the object E and arrow e : E Ñ X form an equalizer pE, eq in C for those

arrows if and only if (1) f ˝ e “ g ˝ e (making E X Ye
f

g
a fork),

and (2) for any fork W X Yk
f

g
there is a unique mediating arrow

u : W Ñ E making the following diagram commute:

1Must commute, need I say again, in the sense of our tweaked Defn. 19*.
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Equalizers and co-equalizers

W

X Y

E

k

u
f

g

e

4

14.2 Examples of equalizers

Let’s immediately have a few examples of equalizers, starting with a fundamental

case:

(1) Suppose in Set we have parallel arrows X Y.
f

g
In this case, of course,

the arrows are straightforwardly functions from sets to sets. Now consider

the set of x P X such that fx “ gx, E: and let e : E Ñ X be the simple

inclusion map which sends an element of E to the very same element of X.

By construction, f ˝ e “ g ˝ e. So E X Ye
f

g
is indeed a fork.

Claim: pE, eq as defined is an equalizer for f and g. But why so? Well,

let’s suppose W X Yk
f

g
is another fork in Set. Can we make

this diagram commute?

W

X Y

E

k

u
f

g

e

By the assumption that the top fork is a fork and so commutes, we know

that for each w P W , fpkpwqq “ gpkpwqq. Hence the k images of objects

in W must live in E Ď X. Hence if we define the arrow u : W Ñ E to

agree with k : W Ñ X for all w P W , this will trivially make the whole

diagram commute. Moreover this is the unique possibility: in order for the

diagram to commute, we need k “ e ˝ u, and since the inclusion e doesn’t

alter the value in X we reach, k and u must indeed agree on all inputs (the

functions just have different co-domains).

Note that since the described construction is always available, Set has

an equalizer for any pair of parallel arrows.

(2) As you would probably predict, equalizers in concrete categories whose

objects are sets-with-structure behave similarly.

Consider the category Mon. Given a pair of monoid homomorphisms

pX, ˚, eXq pY, ‹, eY q,
f

g
take the subset E of X on which the functions

agree. Evidently E must contain the identity element of X (since f and g

agree on this element: being homomorphisms, both have to send eX to the
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14.2 Examples of equalizers

eY ). And suppose a, b P E: then fpa˚bq “ fpaq‹fpbq “ gpaq‹gpbq “ gpa˚bq,

which means that E is closed under products of members.

So take E together with the monoid operation from pX, ˚, eXq restricted

to members of E. Then pE, ˚, eXq is a monoid – for the shared identity

element still behaves as an identity, E is closed under the operation, and

the operation is still associative. And if we take pE, ˚, eXq and equip it

with the injection homomorphism into pX, ˚e, 1Xq, this will evidently give

us an equalizer for f and g.

(3) Similarly, take Top. What is the equalizer for a pair of continuous maps

X Y ?
f

g
Well, take the subset of the underlying set of X on which

the functions agree, and give it the subspace topology. This topological

space equipped with the injection into X is then the desired equalizer.

(This works because of the way that the subspace topology is defined – we

won’t go into details).

(4) A more interesting case. Suppose we are in Grp and have a group homo-

morphism, f : X Ñ Y . There is automatically also a trivial homomorphism

o : X Ñ Y which sends any element of the group X to the identity element

in Y (this can be defined as the composite X
!
Ñ 1

!
Ñ Y of the only possible

homomorphisms, where 1 is the one-object group which is both initial and

terminal in the cagtegory of groups). Now consider what would constitute

an equalizer for f and o.

Suppose K is the kernel of f , i.e. the subgroup of X whose objects are the

elements which f sends to the identity element of Y , and let i : K Ñ X be

the inclusion map (trivially a homomorphism). Then K X Yi
f

o

is a fork since f ˝ i “ o ˝ i.

Let W X Yk
f

o
be another fork. Now, o ˝ k sends every ele-

ment of W to the unit of Y. By assumption, f ˝k “ o˝k, so f ˝k also sends

every element of W to the unit of Y ; hence k : W Ñ X must send any el-

ement of W to some element which lives in f ’s kernel K. Let u : W Ñ K

agree with k : W Ñ X on all arguments. Then the following commutes:

W

X Y

K

k

u
f

o

i

And evidently u is the only possible homomorphism which will make the

diagram commute.

In sum, then, the equalizer of f and o is (up to isomorphism) f ’s kernel

K equipped with the inclusion map into the domain of f . Or putting it the

other way about, we can define kernels of group homorphisms categorially

in terms of equalizers. Which is rather nice.
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14.3 Uniqueness up to unique isomorphism

(a) Just as products are unique up to unique isomorphism, equalizers are too:

Theorem 56. If pE, eq and pE1, e1q are both equalizers for X Y,
f

g
then

there is a unique isomorphism v : E ÝÑ„ E1 commuting with the equalizing ar-

rows, i.e. such that e1 ˝ v “ e.

Plodding proof from first principles. We can use an argument that goes along

very similar lines to the plodding proof we used to prove the uniqueness of

products. This is of course no accident, given the similarity of the definitions of

products and equalizers via a universal mapping property. (Challenge: pause to

give this similar line of argument!)

OK, if you want the details, assume pE, eq equalizes f and g. Then a fork

from pE, eq on through f and g factors uniquely through itself, via some the

mediating arrow u:

E

X Y

E

e

u
f

g

e

And obviously, this u (being unique) must in fact be equal to 1E !

But now note that for any u such that e ˝ u “ e this diagram also commutes.

Which gives us a first result

(i) If pE, eq is an equalizer, then e ˝ u “ e implies u “ 1E .

Now suppose pE1, e1q is also an equalizer for f and g. Then the fork starting

pE, eq must factor uniquely through this new equalizer via a (unique) mediating

v : E Ñ E1 such that e1 ˝ v “ e:

E

X Y

E1

e

v
f

g

e1

Similarly, swapping pE, eq and pE1, e1q, there is a unique w such that e ˝w “ e1.

Therefore e˝w ˝v “ e, and hence by (i) it follows that (with v and w as defined)

(ii) w ˝ v “ 1E .

Since everything is symmetric in pE, eq and pE1, e1q, an exactly similar argument

shows that

(iii) v ˝ w “ 11E .
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Which gives the unique v a two-sided inverse – i.e. as we wanted to show to

complete the proof

(iv) v is an isomorphism.

(b) We now quickly note that, just as with products (see Defn. 43), we can

give an alternative definition which defines an equalizer as a terminal object in

a suitable category. First we say

Definition 60. Given a category C and parallel arrows f, g : X Ñ Y , then the

derived category of forks Cf‖g has as objects all forks W X Y.k
f

g

And an arrow from W
k
ÝÑ ¨ ¨ ¨ to W 1 k1

ÝÑ ¨ ¨ ¨ in Cf‖g is a C-arrow v : W Ñ W 1

such that the resulting triangle commutes: i.e. such that k “ k1 ˝ v.

The identity arrow in Cf‖g on the fork W
k
ÝÑ ¨ ¨ ¨ is the identity arrow 1W

in C; and the composition of arrows in Cf‖g is defined as the composition of the

arrows as they feature in C. 4

It is easily checked that this really does define a category, and that our definition

of an equalizer then comes to the following:

Definition 59*. An equalizer of f, g : X Ñ Y in C is some pE, eq, where E is a

C-object, and e is a C-arrow E Ñ X, such that the fork E X Ye
f

g

is terminal in Cf‖g. 4

But this redefinition immediately gives us

A slicker proof of Theorem 56. pE, eq and pE1, e1q are both terminal objects in

the fork category Cf‖g. So by Theorem 25 there is a unique Cf‖g-isomorphism

j between them. But, by definition, this has to be a C-arrow j : E ÝÑ„ E1 such

that there is an arrow j1 : E1 ÝÑ„ E, where j1 ˝ j “ 1E and j ˝ j1 “ 1E1 . So j has

to be an C-isomorphism too.

14.4 A few more results about equalizers

Let’s note the following simple results (we’ll need one of them later).

Theorem 57. A pre-order category has an equalizer for any parallel arrows.

Theorem 58. A group-considered-as-a-category has no equalizers for any distinct

parallel arrows.

Theorem 59. If pE, eq is an equalizer, then e is a monomorphism. And if e is

also epic, then it is an isomorphism.

Theorem 60. In Set, any subset V of a set X together with the inclusion map

from V to X is an equalizer for some pair of parallel arrows from X.
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Apart perhaps from the last one, it would be rather a stretch to present these

theorems as ‘challenges’ to prove! But you might want to pause to derive the

results, before reading on.

Proof: A pre-order category has all equalizers. Recall Defn. 16: a pre-order cat-

egory has at most one arrow between any two objects. So we only have arrows

f, g : X Ñ Y when f “ g. But then it is easy to see that pX, 1Xq equalizes f

with itself, by thinking about the commuting diagram

Z

X Y

X

k

k
f

f

1X

Since 1X comes for free with any category containing X, the equalizer pX, 1Xq

always exists, as claimed.

Proof: category without any equalizers for distinct arrows. Recall from §7.7 that

given a group pG, ˚, eq, we can define G to be the corresponding category whose

sole object ‚ is whatever you like, and whose arrows are the simply the group

objects G, with e the identity arrow. Composition of arrows in G is defined as

group-multiplication of elements in G.

Now, take distinct objects g, h among G. Then there will be no x such that

g ˚x “ h˚x, or else we would have g ˚x˚x´1 “ h˚x˚x´1 and hence g “ h after

all. So correspondingly, in G, given distinct parallel arrows g, h : ‚ Ñ ‚, there is

no x such that g ˝x “ h˝x, and hence those arrows can’t have an equalizer.

Proof: Equalizing arrows are mono. Suppose pE, eq equalizes X Y,
f

g
and

also suppose e ˝ j “ e ˝ k.

For the second supposition to make sense, j and k must be parallel arrows

from some Z to E. And then the following diagram commutes,

Z

X Y

E

e˝j{e˝k

kj
f

g

e

Therefore Z X Y
e˝j{e˝k f

g
is a fork factoring through the equalizer. But

by the definition of an equalizer, it has to factor uniquely, and hence j “ k. In

sum, e is left-cancellable in the equation e ˝ j “ e ˝ k; i.e. e is monic.

Proof: An epic equalizer is an isomorphism. We know that epic monos need not

in general be isomorphisms: but they are in the special case when the mono is

an equalizing arrow.
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14.4 A few more results about equalizers

Assume again that pE, eq equalizes X Y,
f

g
so that f ˝ e “ g ˝ e. So if e

is epic, it follows that f “ g. Then consider the following diagram

X

X Y

E

1X

u
f

g

e

We know that the top fork commutes and uniquely factorizes through the equal-

izer, i.e. there is a unique u such that (i) e ˝ u “ 1X .

But then also e˝u˝ e “ 1X ˝ e “ e “ e˝1E . Hence, since equalizers are monic

by the last theorem, (ii) u ˝ e “ 1E .

Taken together, (i) and (ii) tell us that e has a two-sided inverse. Therefore e

is an isomorphism.

Our first example in §14.2 showed that in Set the equalizer of parallel maps

f, g : X Ñ Y will be provided by a suitable subset of X together with the

inclusion map from that subset to X. Our next result, Theorem 60, shows the

converse:

Proof: Subsets as equalizers. We are working in Set, and we’ll use a familiar

device for thinking about subsets. So take a suitable two-object set 2 (whose

members we might suggestively dub ‘T’ and ‘F’ ). Then a subset V Ď X has

an associated characteristic function v : X Ñ 2, where vpxq “ T if and only if

x P K.

Now compare this with the boring function t : X Ñ 2 which indiscriminately

sends everything in X to T. If i : V Ñ X is the inclusion function, then

V X 2i v

t

is indeed a commuting fork. Moreover, it is an equalizer for X 2.
v

t
For

consider the following diagram:

W

X 2

V

k

k1
v

t

i

If we have a commuting fork at the top, the k-image of W must be contained in

V (why?). In which case the unique way of making the whole diagram commute

is to make k1 agree with k for all inputs.

So, as claimed, any subset V of a set X together with the inclusion map from

V to X is an equalizer for a pair of parallel arrows from X.
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14.5 Co-forks and co-equalizers defined

Now we dualize to get the notion of a co-equalizer. We simply reverse back again

the arrows on forks as defined Defn. 58 in §14.1 (and for convenience, swap back

the labels ‘X’ and ‘Y ’). So we return to the sort of forks informally introduced

in the last chapter.

However, for clarity, we will now officially call commuting forks of that earlier

kind ‘co-forks’, as in:

Definition 61. A co-fork (from X through Y to Z) consists of parallel arrows

f : X Ñ Y , g : X Ñ Y together with an arrow k : Y Ñ Z, such that k ˝f “ k ˝g.

In other words, to form a co-fork, this corresponding diagram must commute:

X Y Z
f

g

k 4

Dualizing Defn. 59, our definition of equalizers, we then get

Definition 62. Let f, g : X Ñ Y be a pair of parallel arrows in the category

C. Then the object C and arrow c : Y Ñ C form a co-equalizer pC, cq in C for

those arrows iff c ˝ f “ c ˝ g (making X Y C
f

g

c a co-fork), and for

any co-fork X Y Z
f

g

k there is a unique mediating arrow u : C Ñ Z

making the following diagram commute:

Z

X Y

C

f

g

k

c

u

4

We need not pause to spell out the dual argument that, like equalizers, co-

equalizers are unique up to a unique isomorphism. And we can also leave it as

an exercise to show other dual results, such as that co-equalizers are epic.

14.6 Examples of co-equalizers

(a) So let’s immediately turn to consider the key example.

What, then, do co-equalizers do in a concrete category like Set? Important

though the question is, we can be very brief, since we did all the necessary work in

the last chapter. The co-equalizer pQ, qq of a pair of parallel arrows f, g : X Ñ Y

in Set gives us a scheme for quotienting Y by the equivalence projection of f and

g. And Set is rich enough to have a co-equalizer for any pair of parallel arrows.

Conversely, suppose we start with an equivalence relation „ on Y : then let

X be the pairs xy, y1y belonging to the extension of Y , and let f and g be the

projection functions which send xy, y1y to y and y1 respectively. Then a scheme

pQ, qq for quotienting Y by „ will be an equalizer for f, g : X Ñ Y . (I can leave

that for you to check.)
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14.6 Examples of co-equalizers

(b) Predictably enough, we get parallel results in other categories whose ob-

jects can be thought of as sets-equipped-with-structure. Take Grp, for just one

example, and suppose pQ, qq is a co-equalizer for the parallel group homomor-

phisms f, g : X Ñ Y . Then q : Y Ñ Q is a group homomorphism, and if we put

y1 „ y2 iff qpy1q “ qpy2q, then by Theorem 8, „ is a congruence on the group Y ,

and Q will be a quotient of Y with respect to that congruence relation. Ques-

tion for thinking about: does Grp have a co-equalizer for every pair of parallel

homomorphisms?
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15 Exponentials

We have been thinking about how we form products, quotients, and a few other

constructs, in ‘ordinary mathematics’. We saw that what really matters about

product-widgets, quotient-widgets, and the like, is not their ‘internal’ make up,

but how they ‘externally’ map to and from other widgets. This is the key insight

which is then picked up in a categorial treatment of these constructions.

Now we move on to consider another kind of construction, namely exponentials

in a broad sense. First, then, some informal remarks: then we’ll then see how to

things play out in a categorial setting.

15.1 Instead of binary functions

(a) In category theory, arrows have single sources. So in categories where ar-

rows are functions, they are always monadic functions. But then how can we

accommodate binary functions (or polyadic functions more generally)?

Let’s start by recalling how a couple of already-familiar frameworks manage

to do without genuine multi-place functions by providing workable substitutes:

(1) Set-theoretic orthodoxy models a two-place total function from numbers to

numbers (addition, say) as a function f : N2 Ñ N. Here, N2 is the cartesian

product of N with itself, i.e. is the set of ordered pairs of numbers. And an

ordered pair is one thing not two things. So a function f : N2 Ñ N is in fact

strictly speaking a unary function, a function that maps one argument, a

pair-object, to a value: such an f is not a real binary function.

Of course, in set-theory, for any two things there is a pair-object that

codes for them – we usually choose a Kuratowski pair. Hence we can in-

deed trade in a function from two objects for a related function from the

corresponding pair-object. And standard notational choices can make the

trade quite invisible. Suppose we adopt the modern convention of using

‘pm,nq’, with common-or-garden parentheses, as our notation for the or-

dered pair of m with n. Then ‘fpm,nq’ invites being parsed either way, as

representing a two-place function fp¨ , ¨q with arguments m and n, or as

a corresponding one-place function f ¨ with the single argument, the pair

pm,nq. But note: the fact that the trade between the two-place and the

one-place function is now notationally disguised doesn’t mean that it isn’t

being made!
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15.1 Instead of binary functions

In sum, the conventional set-theoretic procedure is to trade in an un-

derlying binary function f : A,B Ñ C for a related official unary function

f : AˆB Ñ C.

(2) Versions of type theory deal with two-place functions in a different way,

by a type-shifting trick.

For example, addition – naively a binary function that just deals in

numbers – is traded in for a function of the type NÑ pNÑ Nq. This is a

unary function which takes one number (of type N) and outputs something

of a higher type, i.e. a unary function (of type NÑ N). We then get from

two numbers as input to a numerical output in two steps. We feed the

first number to a function of type N Ñ pN Ñ Nq, which delivers another

function of type N Ñ N as output; and then we feed the second number

to this second function. This so-called ‘currying’ trick is of course also

perfectly adequate for certain formal purposes.1

We can use the same device in a more set-theoretic framework. In this

framework, where does a function from B to C live? In the ‘exponential’

CB , the set of all the functions from B to C.2 So, in set-theoretic terms,

currying is essentially a matter of trading in a binary function f : A,B Ñ C

for a related function f : A Ñ CB , i.e. the function which sends a to the

function fpa, ¨q whose value for input b is fpa, bq

(b) The obvious next question, is how do these two substitutes f and f for the

underlying binary function f fit together?

At a first shot, we want something like the following informal diagram to

commute, where eval is a binary function that takes a function living in CB (i.e.

a function from B to C) and evaluates it for a given argument in B.

AˆB

C

CB , B

f

f 1B

eval

In other words, if we take a pair xa, by from Aˆ B, we can (1) use that pair as

input to f . Or (2) we can use f to send a to a function from B to C (namely

fpa, ¨q) while carrying along b unchanged: and then eval applies that function

from B to C to the input b. By either route, we get the same result.

1The trick of replacing the evaluation of a function that takes multiple arguments by the
evaluation of a sequence of unary functions was developed by Haskell Curry: hence ‘currying’.
Moses Schönfinkel had the idea first, but somehow ‘Schönfinkeling’ never caught on!

2But why ‘exponential’? Back to basics! ‘Cn’ is of course natural notation for the n-times
Cartesian product of C with itself, i.e. the set of n-tuples of elements from C. But an n-tuple
of C-elements can be regarded as equivalent to a function from an indexing set n, i.e. from the
set t0, 1, 2, . . . , n ´ 1u, to C. Therefore Cn, the set of n-tuples, can indeed be thought of as
equivalent to Cn, now re-defined as the set of functions f : nÑ C. It is then entirely natural
to extend this idea to the case where the indexing set B is no longer a number n.
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Now, that first shot gives us the core idea, except that it leaves us with a

binary function still in play. So let’s revise. As a second shot, we’ll say we need

the following to commute:

AˆB

C

CB ˆB

f

fˆ1B

ev

where f ˆ 1B acts component-wise on Aˆ B, sending a pair xa, by to xfpaq, by,

and ev is now a unary function which takes the first component of xfpaq, by –

which, remember, is a function from B to C – and applies it to b. Note: given f

and given ev with its intended meaning, f will be the unique function from A

to CB which makes the diagram commute.

15.2 Exponentials in categories

And now everything is nicely set up to carry over smoothly to our categorial

framework.

As noted, we don’t have native binary morphisms in category theory. But, as

we’ve already in effect seen in Chapter 10, once we are working in a category

which has products, we can use a version of the first set-theoretic trick. We don’t

have binary arrows with two sources, f : A,B Ñ C. But we do have arrows the

kind f : A ˆ B Ñ C available, and these can serve to do the work of binary

arrows.

But what about an analogue of the currying trick, where we trade in a binary

f : A,B Ñ C for the unary f : A ˆ CB? Well, we can use this idea too, if we

have suitable exponential objects CB and corresponding evaluation arrows ev

available in our category. But which objects and arrows would these be? Given

the discussion in the last section (when we were in effect looking inside the

category Set), this is evidently the general story we want:

Definition 63. Assume C is a category with binary products. Then pCB , evq,

where CB is an object and ev is an arrow CB ˆ B Ñ C, forms an exponential

of C by B iff the following holds: for every object A and arrow f : Aˆ B Ñ C,

there is a unique arrow f : AÑ CB making the following commute:

(Exp) AˆB

C

CB ˆB

f

fˆ1B

ev

4

Here, all the objects and arrows are of course living in C. The product arrow
f ˆ 1B , which acts componentwise on pairs in Aˆ B, is defined categorially in

§12.4. And f is said to be f ’s exponential transpose.
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15.3 Examples of exponentials

Note that if we change the objects B,C the evaluation arrow ev : CBˆB Ñ C

changes, since the source and/or target will change. Hence it might help to think

of the notation ‘ev’ as really being lazy shorthand for something like ‘evC,B ’.

We can add an obvious supplementary bit of terminology:

Definition 64. A category C has all exponentials iff for all C-objects B, C, there

is a corresponding exponential pCB , evq. 4

15.3 Examples of exponentials

(a) A category may have no exponentials: for example, take a poset category

with no products. Or it may have just trivial exponentials. We’ll see that if a cat-

egory has all products and hence a terminal object 1, then it will automatically

have at least the trivial exponentials X1 and 1X : but it may not have others.

But here are a couple of examples of categories which do have all exponentials:

(1) Defns. 63 and 64 were of course purpose-built to ensure that Set counts as

having all exponentials – a categorial exponential of C by B is provided

by the set CB (in the standard set-theoretic sense) equipped with the

appropriate set function ev.

But we can note now that this construction applies equally in FinSet, the

category of finite sets, since the set CB is finite if both B and C are finite,

and hence CB is also in FinSet. Therefore FinSet has all exponentials.

(2) We last met the category PropL in §10.2. This is the category whose objects

are wffs of a given first-order language L, and where there is a unique arrow

from A to B iff A ( B. Assuming L has the usual rules for conjunction

and implication, then for any B,C, the conditional B Ñ C provides an

exponential object CB , with the corresponding evaluation arrow ev : CBˆ

B Ñ C reflecting the modus ponens entailment B Ñ C,B ( C.

Why does this work? Recall that products in PropL are conjunctions.

And note that, given A^B ( C, then by the standard rules A ( B Ñ C

and hence – given the trivial B ( B – we have A ^ B ( pB Ñ Cq ^ B.

We therefore get the required commuting diagram of this shape,

A^B

C

pB Ñ Cq ^B

where the down arrow is the product of the implication arrow from A to

B Ñ C and the trivial entailment from B to B.

It can also be the case that a category has some non-trivial exponentials,

though not all exponentials.
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(3) Consider Count, the category of sets which are no larger than countably

infinite, and of set-functions between them. If the Count-objects B and C

are in fact finite sets, then there is another finite set CB which, with the

obvious function ev, will serve as an exponential. But if B is a countably

infinite set, and C has at least two members, then the set CB is uncount-

able, so won’t be available to be an exponential in Count – and evidently,

nothing smaller will do.

(4) We’ll see at the end of this chapter that Grp can’t have all exponentials.

(5) The standard example, however, of an interesting category which has some

but not all exponentials is Top. If X is a space living in Top, then it is

‘exponentiable’, meaning that Y X exists for all Y , if and only if it is so-

called core-compact – and not all spaces are core-compact.

It would, however, take us far too far afield to explain and justify this

example.

Finally, for future reference, let’s have one more example of a category with

all exponentials:

(6) Take a Boolean algebra pB, ,^,_, 0, 1q, and put a ď b “def pa ^ bq “ a

for all a, b P B. Then, treated as a partially ordered set with that order,

the Boolean algebra corresponds to a poset category, with a unique arrow

between a and b when a ď b. In this category, a^ b, with the only possible

projection arrows, is the categorial product of a, b

Such a poset category based on a Boolean algebra has an exponential

for each pair of objects, namely (to use a suggestive notation) the object

bñ c “def  b_ c, together with the evaluation arrow ev the unique arrow

corresponding to pbñ cq ^ b ď c.

To check this claim, we need first to show that we have indeed well-

defined the evaluation arrow ev for every b, c, i.e. show that we always

have pbñ cq ^ b ď c. However, as we want,

p b_ cq ^ b “ p b^ bq _ pc^ bq “ 0_ pc^ bq “ pc^ bq ď c

by Boolean rules and the definition of ď.

Second, we need to verify that the analogous diagram to the last one

commutes, which crucially involves showing that if a^ b ď c then a^ b ď

pbñ cq ^ b. That’s more Boolean algebra, which can perhaps be left as a

brain-teaser.

So Boolean-algebras-treated-as-poset-categories have all exponentials.

Working through the details, however, we find that the required proofs

don’t call on the Boolean principle   a “ a. The claim about Boolean

algebras can therefore be strengthened to the claim that Heyting-algebras-

treated-as-poset-categories have all exponentials (where a Heyting algebra

is, in effect, what you get when you drop the ‘double negation’ rule from

the Boolean case). This will turn out to be important.
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15.4 Uniqueness up to unique isomorphism

15.4 Uniqueness up to unique isomorphism

(a) Defn. 63 talks of ‘an’ exponential of C with B. But – as we might expect by

now, given that the definition is by a universal mapping property – exponentials

are in fact unique, at least up to unique isomorphism:

Theorem 61. Suppose the category C has two ways of forming an exponential

of C by B, namely pE, evq and pE1, ev1q: then there is a unique isomorphism

between E and E1 compatible with the evaluation arrows.

Proof. Two commuting diagrams encapsulate the core of the argument, which

parallels the proof of Theorem 35:

E ˆB

C

E ˆB

ev

eˆ1B

ev

E ˆB

E1 ˆB C

E ˆB

evevˆ1B

ev1

ev1ˆ1B ev

By definition, if pE, evq is an exponential of C by B then there is a unique

mediating arrow e : E Ñ E such that ev ˝ e ˆ 1B “ ev. But as the diagram on

the left reminds us, 1E will serve as a mediating arrow. Hence e “ 1E .

The diagram on the right then reminds us that pE, evq and pE1, ev1q factor

uniquely through each other, and putting the two commuting triangles together,

we get

ev ˝ pev1 ˆ 1Bq ˝ pev ˆ 1Bq “ ev.

Applying Theorem 51, we know that pev1 ˆ 1Bq ˝ pev ˆ 1Bq “ pev1 ˝ evq ˆ 1B ,

and hence

ev ˝ pev1 ˝ evq ˆ 1B “ ev.

And now applying the uniqueness result from the first diagram

ev1 ˝ ev “ 1E .

Similarly, by interchanging E and E1 in the second diagram, we get

ev ˝ ev1 “ 1E1 .

Whence ev : E Ñ E1 is an isomorphism.

(b) When we were talking about e.g. products and equalizers, we gave two

types of proof for their uniqueness (up to unique isomorphism). One was a direct

proof from the definitions. For the other type of proof, we noted that products

are terminal objects in a category of wedges, and equalizers terminal objects in

a category of forks, and then appealed to the uniqueness of terminal objects.

We have now given a proof of the first type, a direct proof, of the uniqueness

of exponentials. Can we give a proof of the second type? Well, consider:
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Definition 65. Given objects B and C in the category C, then the category

CEpB,Cq of parametized maps from B to C has the following data:

1. Objects pA, gq comprising a C-object A, and a C-arrow g : AˆB Ñ C,

2. An arrow from pA, gq to pA1, g1q is any arrow C-arrow h : A Ñ A1 which

makes the following diagram commute:

AˆB

C

A1 ˆB

g

hˆ1B

g1

The identity arrows and composition are as in C. 4

It is easily checked that this indeed defines a category (though not an intrinsically

exciting one!) and then we evidently have

Theorem 62. An exponential pCB , evq is a terminal object in the category CEpB,Cq.

Since exponentials are terminal in a suitable category that yields the second type

of proof of their uniqueness.

15.5 Further results about exponentials

(a) We now show, as promised, that any category with all products – or at least,

binary products and a terminal object – has trivial exponentials as follows:

Theorem 63. If the category C has binary products and a terminal object 1, then

for any C-object B, C, we have (1) 1B – 1 and (2) C1 – C.

Perhaps we should put that more carefully. The claim (1) is that if there is a

terminal object 1 then there exists an exponential p1B , evq and for any such

exponential object 1B , 1B – 1. Similarly for (2).

Proof for (1). Using, as before, !X for the unique arrow from X to the terminal

object 1, consider the following diagram:

AˆB

1

1ˆB

!AˆB

!Aˆ1B

!1ˆB

This has to commute, whatever A is. Since there is only one possible arrow from

A to 1, this means that p1, !1ˆBq can serve as an exponential for 1 by B.

Hence there exists an exponential of the form p1B , evq and by the uniqueness

theorem, for any such exponential object 1B , 1B – 1.
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Proof for (2). Here’s a brute-force proof-strategy. Suppose we are given an arrow

g : A ˆ 1 Ñ C. We want to show that there is always a unique g making this

diagram commute:

Aˆ 1

C C ˆ 1

g
gˆ1

π

where π is the projection from the product. Then pC, πq will serve as an ex-

ponential of C by 1 and hence, by the uniqueness theorem, any C1 – C. But

there’s an isomorphism which sends A to Aˆ 1; so define g by composing that

isomorphism with g, and then the diagram will commute. And that’s the unique

possibility, so we are done.

Do I need to spell out the proof more slowly? OK, here goes. The wedge

C Aˆ 1 1
g ! must factor through the product wedge C C ˆ 1 1π !

via a unique mediating u, making this diagram commute:

Aˆ 1

C C ˆ 1 1

u !g

π !

Now complete the diagram with the product wedge A Aˆ 1 1a 1 :

A Aˆ 1 1

C C ˆ 1 1

g

a !

u !g
1

π !

Both a and π must be isomorphisms by Theorem 46. So now put g “ g ˝ a´1

where a´1 is the inverse of a. Then the whole diagram indeed commutes.

This means that u “ gˆ1 by definition of the operation ˆ on arrows in §12.4.

Hence for each g : Aˆ 1 Ñ C there is indeed a corresponding g making the first

of our three diagrams commute.

Moreover g is unique. If k ˆ 1: A ˆ 1 Ñ C ˆ 1 makes the third diagram

commute then (i) it must equal u, and so g “ π ˝ k ˆ 1. But also, applying

Defn. 54, we have π ˝ k ˆ 1 “ k ˝ a. Hence g “ k ˝ a, so k “ g ˝ a´1 “ g.

(b) We next will establish a nice general result:

Theorem 64. If there exists an exponential of C by B in the category C, then,

for any object A in the category, there is a one-one correlation between arrows

AˆB Ñ C and arrows AÑ CB.
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Proof. By definition of the exponential pCB , evq, an arrow g : A ˆ B Ñ C is

associated with a unique ‘transpose’ g : A Ñ CB making the diagram (Exp)

commute.

The function g ÞÑ g is injective. For suppose g “ h. Then g “ ev ˝ pgˆ 1Bq “

ev ˝ phˆ 1Bq “ h.

The function g ÞÑ g is also surjective. Take any k : A Ñ CB ; then if we put

g “ ev ˝ pk ˆ 1Bq, g is the unique map such that ev ˝ pg ˆ 1Bq “ g, so k “ g.

Hence g ÞÑ g is the required bijection between arrows AˆB Ñ C and arrows

AÑ CB , giving us the first part of the theorem.

This gives us a categorial analogue of the idea of we met at the outset, where a

two-place function of type A,B Ñ C can get traded in for either a function of

the type AˆB Ñ C or alternatively for one of the type AÑ CB .

Our last theorem, by the way, gives us another proof of part (1) of the previous

Theorem 63:

Slicker proof that 1B – 1. By the Theorem 64, for each A, there is a one-one

correlation between arrows A Ñ 1B and arrows A ˆ B Ñ 1. But since 1 is

terminal, there is exactly one arrow A ˆ B Ñ 1; hence, for each A, there is

exactly one arrow AÑ 1B . Therefore 1B is terminal, and hence 1B – 1.

Theorem 65. Assuming the exponentials exists, there is a one-one correlation

between arrows AÑ CB and arrows B Ñ CA.

Proof. We just note that arrows AˆB Ñ C are in one-one correspondence with

arrows BˆAÑ C, in virtue of the isomorphism between AˆB and BˆA (see

Theorems 24 and 36). We then apply the last theorem.

15.6 Cartesian closed categories, and some challenges

Categories like Set, Prop and Bool which have all exponentials and also have bi-

nary products and terminal objects (and hence all finite products) are important

enough to deserve a standard label:

Definition 66. A category C is a Cartesian closed category iff it has all finite

products and all exponentials. 4

Such categories have some nice properties, meaning in particular that expo-

nentials there indeed behave as exponentials morally ought to behave. So for a

challenge, try proving our final two theorems in this chapter. First:

Theorem 66. If C is a Cartesian closed category, then for all A,B,C P C

(1) If B – C, then AB – AC ,

(2) pABqC – ABˆC ,

(3) pAˆBqC – AC ˆBC .
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15.6 Cartesian closed categories, and some challenges

I will fully spell out a (brute force) proof of (1). You can then prove (2) and

(3) similarly – but I won’t give the details here, because later (in Part II) we’ll

have some apparatus which will give us much neater proofs. The second bunch

of results, however, can be smoothly proved using what you already know:

Theorem 67. If C is a Cartesian closed category which also has an initial object

0, then

(1) Aˆ 0 – 0 – 0ˆA,

(2) A0 – 1,

(3) if there is an arrow AÑ 0, then A – 0,

(4) there exists an arrow 1 Ñ 0 iff all C’s objects are isomorphic to each other.

(5) the category Grp is not Cartesian closed.

Proof that if B – C, then AB – AC . Here’s the idea for a brute force proof. We

know that there exists an arrow ev : ABˆB Ñ A. Since B – C, there is a derived

arrow g : AB ˆ C Ñ A. This has a unique associated transpose, g : AB Ñ AC .

Similarly, there is an arrow h : AC Ñ AB . It remains to confirm that these arrows

are (as you’d expect) inverses of each other, whence AB – AC .

To spell that out, consider the following diagram (where j : B Ñ C is an

isomorphism witnessing that B – C):

AB ˆB

AB ˆ C

AC ˆ C A

AC ˆB

AB ˆB

ev

1ˆj

ggˆ1

ev1

1ˆj´1
h

hˆ1

ev

Here I’ve omitted subscripts on labels for identity arrows to reduce clutter.

It is easy to see that since 1 and j are isomorphisms, so is 1 ˆ j, and then

if we put g “ ev ˝ p1 ˆ jq´1 the top triangle commutes. The next triangle

commutes by definition of the transpose g; the third commutes if we now put

h “ ev1 ˝ p1ˆ j´1q´1; and the bottom triangle commutes by the definition of the

transpose h.

Products of arrows compose componentwise, as shown in Theorem 51. Hence

the composite vertical arrow reduces to ph ˝ gq ˆ 1. However, by the definition
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Exponentials

of the exponential pAB , evq we know that there is a unique mediating arrow, k

such that this commutes:

AB ˆB

A

AB ˆB

ev

kˆ1

ev

We now have two candidates for k which make the diagram commute, the identity

arrow and h ˝ g. Hence by uniqueness, h ˝ g “ 1.

A similar argument shows that g ˝ h “ 1. We are therefore done (and kudos

if you arrived here!).

Proof of pABqC – ABˆC . We can given a similarly direct proof along the fol-

lowing lines. Start with the evaluation arrow ev : ABˆC ˆpBˆCq Ñ A. We can

shuffle terms in the product to derive an arrow pABˆCˆCqˆB Ñ A. Transpose

this once to get an arrow ABˆC ˆC Ñ AB and transpose again to get an arrow

ABˆC Ñ pABqC . Then similarly find an arrow from pABqC Ñ ABˆC , and show

the two arrows are inverses of each other.

We can, however, leave it as an exercise for real enthusiasts (masochists?)

to work out details here. That’s because we will eventually be able to bring to

bear some heavier-duty general apparatus which will yield fast-track proofs for

pABqC – ABˆC (and indeed for all three parts of Theorem 66).

Proof that Aˆ 0 – 0 – 0ˆA. Since A ˆ 0 and 0 ˆ A exist by hypothesis, and

are isomorphic by Theorem 36 we need only prove 0ˆA – 0.

By Theorem 64, for all C, there is a one-one correspondence between arrows

0 Ñ CA and arrows 0 ˆ A Ñ C. But 0 is initial, so there is exactly one arrow

0 Ñ CA. Hence for all C there is exactly one arrow 0 ˆ A Ñ C, making 0 ˆ A

initial too. Whence 0ˆA – 0.

Proof of A0 – 1. By Theorem 64 again, for all C, there is a bijection between

arrows C Ñ A0 and arrows C ˆ 0 Ñ A. And by the previous result and Theo-

rem 24 there is a bijection between arrows C ˆ 0 Ñ A and arrows 0 Ñ A. Since

0 is initial there is exactly one arrow 0 Ñ A, and hence for all C there is exactly

one arrow C Ñ A0, so A0 is terminal and A0 – 1.

Proof that if there’s an arrow AÑ 0, A – 0. If there’s an arrow AÑ 0 then the

wedge A A 0
1A f

exists and factors uniquely through Aˆ 0:

A

A Aˆ 0 0

x1A,fy
1A f

π1 π2
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15.7 “And what is the dual construction?”

So π1 ˝ x1A, fy “ 1A. But A ˆ 0 – 0, so A ˆ 0 is an initial object, so there is

a unique arrow A ˆ 0 Ñ A ˆ 0, namely 1Aˆ0. Hence (travelling round the left

triangle) x1A, fy ˝ 1A ˝ π1 “ 1Aˆ0. Therefore x1A, fy ˝ π1 “ 1Aˆ0, and x1A, fy

has a two-sided inverse. Whence A – Aˆ 0 – 0.

Proof that there’s an arrow 1 Ñ 0 iff all C’s objects are isomorphic. The ‘if’ di-

rection is trivial. For ‘only if’, suppose there is an arrow f : 1 Ñ 0. Then, for

any A there must be a composite arrow A 1 0,
f

hence by the previous

result, A – 0. So every object in the category is isomorphic.

Proof that Grp is not Cartesian closed. The one-element group is both initial

and terminal in Grp, so here 1 – 0, and hence there is an arrow 1 Ñ 0 in

Grp. But trivially, not all groups are isomorphic! Therefore the category Grp
cannot be Cartesian closed.

Since Grp has all finite products, it follows that this category must lack at

least some exponentials.

15.7 “And what is the dual construction?”

A good question to ask! After all, when introducing terminal objects, products,

and equalizers, we more or less immediately went on to give the dual construc-

tions of initial objects, coproducts, and co-equalizers, just by turning arrows

around. So, what happens if we turn around the arrows in our definition of

exponentials?

Well, doing that won’t by itself give us what we need, if we are to adhere to

the mantra ‘co-widgets in C are widgets in Cop’. To make things work properly,

as well as reversing the arrows in Defn. 63, we need to replace the products with

coproducts. Then we do indeed get a coherent definition of co-exponentials in C
which will be exponentials in Cop.

But is the concept actually of much immediate interest, at our level of enquiry?

Not as far as I know! So I’ll say no more about them here.
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