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Mathematicians interested in computability theory have to deal with partial functions.
Those interested in the theory of complex variables talk of multi-valued functions. Even
in elementary arithmetic we use functional expressions which take plurals or lists: we
talk, e.g., of ‘the sum of the first ten numbers’ and ‘the sum of 4, 7, 11, 19’. A logic
that is apt for regimenting the reasoning of mathematicians without undue distortion
will therefore have to go beyond our standard first-order logic which treats all functions
as total, single-valued, and mapping a determinate number of things to some value.
We’ll need to acknowledge partial functions by allowing functional expressions with no
referent, and this will require adopting a free logic. Further, the logic will have to be
expanded to deal with plural terms, to cope with the outputs of many-valued functions,
and with the inputs of even the humdrum ‘sum’ function.

Or so the revisionist story goes – see Oliver and Smiley (2006a). Conservatives will try
to resist the challenge. They will note that if we inspect standard texts on computable
functions, we won’t in fact find ineliminable use of empty terms. Likewise, modern texts
on complex variables tend to offer ways of parsing away superficial talk of many-valued
functions. Meanwhile, common-or-garden talk of sums of pluralities invites regimentation
in terms of the repeated application of the basic operation of adding one thing to another.
Mathematicians, say the conservatives, can stick to standard logic after all.

How to settle the debate between conservatives and revisionists is a tough question,
and not the topic here (it isn’t even clear what the rules of the game are). But both sides
should agree that the revisionism will look the more attractive the neater and smoother
the non-standard logic that is offered: the aims and claims of logical regimentation,
whatever exactly they are, are surely ill-served by unnecessary complexity. And the
point of this note is to raise a question about the complexity of Oliver and Smiley’s own
preferred revisionist logic. For their treatment of functions not only deals with partial
functions (in a free-logical framework) and allows plural inputs and plural outputs, but
there’s another wrinkle. It also accommodates what our authors call co-partial functions,
i.e. functions that map nothing to something. But do we need to buy this additional
complication? Or is allowing for co-partial functions a step too far down the revisionist
road? The question has some independent interest.

1. A co-partial sum function?

Vulcan (the intra-Mercurial planet postulated by 19th century astronomers) and the
largest prime don’t exist. If we try to offer Vulcan to the function the mass in kilos of
nothing happens: Vulcan isn’t there to be fed to the function, and we get no number as
output. Likewise, if we try to offer the largest prime to the factorial function, we don’t
get to the starting line for a possible computation. In these cases, the tempting thought
goes, no input to the function surely means no output.

Generalizing: if we fail to feed a genuine input as argument to a function, the function
has nothing to work on, its action isn’t triggered, so we won’t get an output. Call this
the No Argument No Value principle (or nanv for short). If this is right, then the very
idea of a co-partial function – a function which can still yield an output even when the
attempt to feed it an argument fails – is a non-starter. Or putting the point in terms of

1



CO-PARTIAL FUNCTIONS: A STEP TOO FAR? 2

the functors which express functions: if ‘f ’ is a functor expressing a genuine function,
then if the purported singular term ‘a’ is empty, then ‘fa’ must be empty too.

Oliver and Smiley (2006a, p. 323) disagree:

In truth, counter-examples have always been to hand. Consider the set-
theoretic functor ‘{ }’. If there is no such country as Ruritania there is
indeed such a set as {Ruritania}: it is the null set. Or consider the functor
‘the cardinality of’, as in ‘0 is the cardinality of the even primes greater
than 2’. Or, turning from functors to the functions they express, consider
mereological addition and ask whether the result of adding nothing to
Russell is nothing or Russell.

But what are we to make of these supposed counter-examples? Let’s take them in reverse
order.

Suppose (first case) you add nothing to Russell in the sense of just not going in for any
addition (compare: I added nothing to the debate, because I just didn’t utter a word).
Then to be sure, you still have Russell – you haven’t annihilated him. But no function
has been called, so a fortiori no co-partial function is called.

Alternatively, suppose (second case) you try to add nothing to Russell in the sense of
calling the mereological sum function, and seeking to form the sum of Russell with (say)
Vulcan. But Vulcan isn’t there to have this function applied to it either, so again we get
no output.

Compare: suppose you are asked to add 10 to the largest prime number. Again, the
attempt must misfire. A function is called, but not enough arguments are offered to it
and we get no output. (Don’t say that the answer must be 10 because we’ve failed to add
anything, or else you would be committed to the claim that 10 plus the largest prime
number is 10, so subtracting from each side, the largest prime number is zero, which it
isn’t!)

In short: in the first case no function is called; in the second case a function is called
but we get no output. In neither case do we have a function called with an empty
argument but Russell as output.

2. A co-partial cardinality function?

Next, consider Oliver and Smiley’s claim (A) ‘the cardinality of the even primes greater
than two is zero’ – or, as we can presumably also say, (A′) ‘the number of the even primes
greater than two is zero’. Supposedly, ‘the cardinality of’ here expresses a function which
maps nothing to something. But does it?

We might very easily confuse (A/A′) with the claim (B) ‘the number of even primes
greater than two is zero’ (which you get from (A′) by dropping a definite article). Now
(B) is certainly true, and it indeed features a function, the one expressed by ‘the number
of’. But here we have a second-level function which takes a concept (in Frege’s sense)
and yields a number. And its argument in (B) is the concept even prime greater than
two, which is a perfectly good concept – a something, not a nothing (if we can put it
that way, allowing ourselves Frege’s grain of salt).

Secondly, compare (A) with the claim (C) ‘the cardinality of the set of even primes
greater than two is zero’. Again, this is uncontroversially true. And it features a function
expressed by ‘the cardinality of’, but this time we are dealing with a first-level function
from sets to numbers. Its argument is the set {x | x is an even prime greater than two},
in other words the empty set. Which – at least on standard theories – is also a something,
not a nothing.

So neither (B) nor (C) gives us a function mapping nothing to something. Of course,
this observation doesn’t settle how things stand with Oliver and Smiley’s original claim
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(A) which is different and officially deploys a functor ‘The cardinality of’ which neither
takes a concept expression as in (B), nor a singular term specifically for a set as (C),
but rather takes a plural term which may refer to many, one, or zero things.

It might be wondered whether we can make sense of this. For consider a plural term
like ‘the cards’. What about the Frege point that these could be one deck, four suits, 52
individual cards, so that there is no such thing as the cardinality of the cards? However,
there’s a natural reply to this worry. Let’s grant that Frege is right that you can’t just
point at some things and ask ‘how many?’. But terms, singular or plural, don’t merely
point: it can be argued that they come with associated criteria of identity and hence
criteria for counting. For example, the term ‘the cards’ picks things out as – surprise,
surprise – cards: and thus the cardinality question for the cards as such has a determinate
answer.

If we grant this, then we can indeed allow – speaking with Oliver and Smiley – that
it makes good sense to say e.g. that the cardinality of the prime numbers is ℵ0; the
cardinality of the primes less than ten is four; and the cardinality of the even primes
is one. But it still remains tendentious to claim (A) the cardinality of the even primes
greater than two is zero. For supposedly we are to understand this as calling a plural
function from objects to numbers, and yet we fail to supply the function with any
objects as arguments. So by the initially plausible nanv principle, we will fail to trigger
any output. In that case the functional expression fails to refer to a number, and the
question whether the referent is or isn’t zero can’t arise, so (A) is not true.

Of course, one man’s modus ponens is another man’s modus tollens. Oliver and Smiley
can re-insist on the truth of (A) and conclude that nanv is false. However, the trouble
is that there is surely no absolutely compelling pre-theoretic verdict on the truth-value
of (A) that obviously trumps the highly plausible principle – at least once we have
sharply distinguished the unfamiliar (A), to be read in the stipulated special way, from
the familiar truths (B) and (C) with which it can so very easily confused. So at the very
best we’ll get a stand-off here, and not a case decisively illustrating a co-partial function
which has “always been to hand”.

3. A co-partial singleton function?

The remaining argument in the quoted passage from Oliver and Smiley starts by asking
us to consider the set-theoretic functor ‘{ }’.

But it is worth emphasizing that in standard modern usage, the set-theoretic curly
brackets are in fact canonically introduced as part of a variable-binding functor that
takes a predicate ϕ and produces a singular term – thus ‘{ξ | ϕ(ξ)}’, for some variable
ξ. So it isn’t the brackets by themselves that form a functor, it is the whole package
brackets-plus-variable-plus-vertical-bar.

Of course, we do use the notation ‘{a}’ for the singleton of a. But the latter is stan-
dardly introduced as syntactic sugar for ‘{x | x = a}’ (likewise, ‘{a, b}’ is syntactic sugar
for ‘{x | x = a∨x = b}’, and so it goes). With the notation thus understood, on natural
assumptions, Oliver and Smiley are right: there is indeed such a set as {Ruritania}. Or
since we don’t want to tangle with issues about fiction here, we’ll change the example:
there is such a set as {Vulcan}. For suppose we treat ‘{Vulcan}’ as syntactic sugar for
‘{x | x = Vulcan}’. Now, we must be working in a free logic here, since we are allow-
ing empty names. And it doesn’t matter whether we treat identity weakly or strongly,
‘x = Vulcan’ will always be false, whatever ‘x’ denotes when treated as a parameter, so
it is equivalent to e.g. ‘x 6= x’. Hence, on the obvious semantics ‘{x | x = Vulcan}’ will
denote the same set as ‘{x | x 6= x}’, i.e. the empty set.

But note that the compositional semantic story gestured at here sees the term ‘{x | x =
Vulcan}’ as resulting from the application of the second-level functor ‘{x | . . . x . . .}’ to
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the predicate ‘ξ = Vulcan’. Now, turning from the level of language to the level of what
it expresses, the predicate ‘ξ = Vulcan’ (given that ‘Vulcan’ has no denotation) expresses
the same Fregean concept as ‘ξ 6= ξ’, i.e. the null concept which is satisfied by nothing.
And so the functor here expresses a function which takes us from the null concept to
something, not from nothing to something.

The set theoretic case, interpreted the modern way, therefore certainly doesn’t witness
a co-partial function.

4. Cantor to the rescue?

But we’ve gone astray, perhaps, in privileging the modern usage of the set-theoretic
curly-brackets as (part of) a second-level functor. Oliver and Smiley invite us to go back
to reconsider set-theory’s founding father, Cantor. Supposedly, he introduced the curly-
bracket notation in a different way. Right at the beginning of his epoch-making 1895
paper, he famously writes that “By an ‘aggregate’ we are to understand any collection
into a whole M of definite and separate objects m . . . . These objects are called the
‘elements’ of M . In signs we express this thus: M = {m}.” Here, the suggestion goes, we
should take ‘m’ to be a plural variable (Cantor talks of ‘separate objects m’), and then
‘{ }’ does indeed express a first-level (though plural) function (see Oliver and Smiley,
2006b, p. 124).

It should be said that Oliver and Smiley’s interpretation doesn’t look compulsory.
Cantor in fact gives us very little to go on, and he mostly uses the likes of ‘m’ as
what are very clearly singular variables. So here’s another way of regimenting his under-
explained practice. Like other mathematicians of his time (and later), Cantor’s variables
are strongly typed: that is to say, a variable m is understood as ranging over objects of
some given type M. And then we read ‘{m}’ as meaning ‘the aggregate of elements of the
associated type M’. For example, κ serves for Cantor as a typed variable over cardinals;
and so ‘{κ}’ denotes the set whose members are cardinals. In ‘{m}’ and ‘{κ}’, then,
the variables aren’t serving as object-denoting expressions, but are there to indirectly
indicate a type; and so Cantor’s set brackets aren’t after all serving as first-level functor
(singular or plural).

But be that as it may: suppose we agree that the first-level plural functor reading
is one way of construing Cantor’s notation. So why not let’s go with it? And then –
Oliver and Smiley can say – ‘{Vulcan}’ denotes the empty set, with the curly-brackets
functor taking an empty term and the result denoting the null set. So this does give us,
as claimed, an example of a co-partial function?

That would be far too quick. Suppose we do read Cantor’s notation as instructed.
Then this isn’t the modern reading according to which, as we’ve agreed, ‘{Vulcan}’ can
be taken as denoting the empty set. So all bets are now off. We need to ask what it
denotes when read Cantor-style, as involving a plural functor.

We can hardly take our lead from Cantor himself – for he consistently rejects the empty
set. To quote, ironically enough, Oliver and Smiley again, when Cantor is “describing a
putative point-set that turns out not to contain any points, he says that strictly speaking
it does not exist. . . . In the same vein, he does not say that two point-sets with no point
in common have an empty intersection; rather they have no intersection.” (2006b, p.
127) And so on through many examples. So, for Cantor, ‘{Vulcan}’ couldn’t denote
the empty set as according to him there is no such thing: the expression must stand for
nothing, hence for him the set brackets in ‘{Vulcan}’ can’t illustrate a co-partial function
in action, mapping nothing to something.

Of course, that leaves us still free to marry (what, for the sake of argument, we are
supposing is) Cantor’s old way of understanding the ‘set-of’ brackets as a first-level plural
functor with our modern acceptance of the empty set. But then we’d have to be very
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clear that we’d have the weight neither of Cantor’s authority nor of modern mathematics
behind our practice. And the nanv principle remains as a plausible block to the thought
that ‘{Vulcan}’ will then denote the empty set. If it is said that we can, all the same, get
a co-partial function out of the mix, this would surely now be a contestable claim, not
a rehearsal of what Cantor held or what we now all know, and certainly not a reminder
of what has ‘always been to hand’ (as Oliver and Smiley put it).

5. One more example explored

So far, then, we haven’t found it easy to locate examples of co-partial functions already
lurking unacknowledged in common mathematical practice. In the next section we’ll
consider the option of cooking up such things by brute stipulation. But first let’s pause
to consider one more putative natural example, also due to Oliver and Smiley.

Consider ‘the least natural number which is not identical to 0’: that denotes 1. Like-
wise, ‘the least natural number which is not identical to 1’ denotes 0. And ‘the least
natural number which is not identical to the greatest prime number’ also denotes 0. The
suggestion is that this shows that the expression ‘the least natural number which is not
identical to ξ’ is a functor which expresses a copartial functions which can map nothing
(for no thing is the greatest prime) to something.

Job done? Well, note that the minimization operator is standardly treated as a second-
level partial function which takes a first level concept and – if all goes well – returns an
object. So in particular, ‘the least natural number which is not identical to a’ regiments
as the operator µn : . . . n . . . (with the variable running over naturals) applied to the
predicate ξ 6= a. Hence the term ‘the least natural number which is not identical to
the greatest prime’ parses as the µ-operator applied to the predicate ‘ξ 6= the greatest
prime’. And at the level of what language is about, we therefore have a second-level
function applied to the first-level concept expressed by ‘ξ 6= the greatest prime’ which is
in fact the null concept again. So far, then, at this level of analysis, Oliver and Smiley’s
example is case of applying a function to something and successfully delivering a value.
Which isn’t what they want.

It might be countered, however, that we can dig deeper, re-carve the content of ‘µn :
n 6= a’ while preserving the same referent and equally well see it as the application of a
first level functor ‘µn : n 6= ξ’ to the singular ‘a’ – and parsed like that, we can discern
a co-partial first-level function, for ‘a’ could be ‘the greatest prime’.

However, as we know from debates elsewhere, there’s recarving and there’s recarving.
There’s the sort of stay-at-the-same-level re-carving that allows us to abstract both the
predicates ‘ξ killed ξ’ and ‘ξ killed Cato’ from ‘Cato killed Cato’. And then there’s the
more worrying sort of level-shifting carving that the neo-logicist notoriously advocates,
when she says that supposedly referring terms for numbers can be carved out a claim
of the form ‘the F s are equinumerous with the Gs’. We know that ’s problematic. So we
might wonder what makes the currently suggested level-shifting recarving unproblematic.
An argument seems to be needed, especially given there’s a prior argument which cuts
the other way – for by the nanv principle, offering nothing to the first-level function
expressed by ‘µn : n 6= ξ’ gives us nothing as output, so the supposed recarving doesn’t
leave the referent fixed.

In fact – to make an ad homines point – Oliver and Smiley should themselves be chary
of reparsing propositions when non-identity is involved. For they endorse the principle
that if a doesn’t exist, then no genuine property holds true of it. Or rather, they say
that for primitive ‘F ’ and empty term ‘a’, ‘Fa’ is false: but since any genuine property
can presumably be expressed by a primitive F , that comes to the same. They call this
the Alibi Principle, ‘by analogy with the defendant’s plea that he couldn’t have done it,
since he wasn’t there’ (2006a, p. 323). So now consider the proposition Smiley 6= Santa.
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This is true. Now suppose we try to parse this truth as involving the application of
the predicate ‘Smiley 6= ξ’ to the term ‘Santa’. Oliver and Smiley can’t say that this
carved-out predicate expresses a genuine property, on pain of offending against their
Alibi Principle. So they are hardly in a position to rule out of court the parallel claim
that the carved-out ‘µn : n 6= ξ’ fails to express a genuine function because otherwise we
offend against the analogous nanv principle.

So once again, we get at best a stand-off. The latest putative example of a co-partial
function isn’t decisive.

6. Partial functions by stipulation?

Oliver and Smiley’s supposed examples don’t conclusively show that co-partial functions
have ‘always been to hand’. But do we actually have to rely on prior examples at all?
Can’t we just stipulate that a certain function takes a given value when its argument is
empty?

Let’s go back to consider sums (arithmetic ones, not mereological ones which are the
work of the devil).

We noted at the outset that we quite ordinarily talk, e.g., of ‘the sum of the first five
primes’ and ‘the sum of 4, 7, 11, 19’. So let’s introduce a bit of regimenting notation
‘Σ(τ)’ to be read as ‘The result of summing τ ’, with ‘τ ’ a plural term or list of terms.
Then ‘Σ(the first five primes)’ denotes 28 and ‘Σ(5, 6, 7)’ denotes 18.1

Now, ‘the result summing of 5’ is surely ill-formed. Hence – as the notation has so far
been explained – we require the term in ‘Σ(τ)’ to be genuinely plural, referring to more
than one thing. However, suppose we revise the definition so that ‘Σ(τ)’ is now to be
read along the lines of ‘The result of adding τ to zero’. Thus understood, we can allow
‘τ ’ in fact to have singular reference, and ‘Σ(5)’ now denotes 5.

So far, so good. But note that ‘Σ( )’, where we supply no term to the functor, is as
yet entirely undefined. And although we know how to start evaluating ‘Σ(the greatest
prime)’, we get no output, as the summing procedure stalls because in this case we in
fact have no number to offer as input to the procedure. We have to do more work, then,
to get a co-partial function: and this is where we’ll need to do some stipulation.

Here then is a second re-definition:

(1) If ‘τ ’ refers to one or more numbers, then ‘Σ(τ)’ denotes the result of adding
those numbers to zero; otherwise ‘Σ(τ)’ denotes zero.

Note the ‘otherwise’ clause is required, and ‘Σ(τ)’ could have been stipulated to denote
something else in the empty case.

By brute force, therefore, we’ve so re-defined ‘Σ(ξ)’ that ‘Σ(the greatest prime)’ now
denotes something. Does that mean we’ve found ourselves a co-partial function at last,
and all our earlier fussing has been wasted?

Not so fast! Consider a similar definition of a predicate ‘E ’:

(2) If ‘τ ’ refers to one or more numbers, then ‘Eτ ’ is true iff all those objects are
even; otherwise ‘Eτ ’ is true.

Does E then express a genuine property? Well, not if we accept the Alibi Principle which
says that if a doesn’t exist, then no property holds true of it. But even if you don’t like
that anti-Meinongian metaphysical principle, there’s a more pragmatic consideration:
the sort of cooked-up expression whose semantic role is defined in (2) is perverse enough

1We are of course going in a different direction from the usual mathematical regimentation of sums
along the lines of

∑n=j
n=i an, which where Σ is a functor taking three arguments, i, j and the function

f : n 7→ an. Here the ‘null’ case is where i > j and no terms are being summed. This may be assigned a
defined value, but note that the summing function is still being fed three arguments, none empty!
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for us to have no need to build a logical system which allows E-type expressions among
its basic building blocks.

Well, similarly with (1). The defender of nanv could equally resist the thought that
‘Σ’ so defined expresses a genuine function. But even if you don’t like the implied un-
derlying metaphysical principle about the kind of thing that functions are, there’s a
more pragmatic consideration: the sort of cooked-up expression whose semantic role is
defined in (1) is perverse enough for us to have no need to build a logical system which
allows Σ-type expressions among its basic building blocks. In other words, if Σ is our
best shot at introducing a co-partial function, then such things can be left as curiosities
to be constructed if we wish but we don’t need to recognise them in the ground-level
apparatus of a best-buy logical system.

One last thought (inspired by Tim Button). Suppose – for the moment in a context
where all terms refer – we introduce a multigrade expression Σ′ which can syntactically
take zero, one, two or more terms to form a term, with the interpretation rule

(3) ‘Σ′(t1, t2, . . . , tn)’ denotes the result of adding the referents of the terms to zero,
‘Σ′’ denotes zero.

Does this make ‘Σ′’ express a co-partial function?
Again, we have no reason to take this line. The semantic role of the ‘Σ′’ in the two

cases is different – followed by terms it expresses a function, not followed by a term it is a
constant (say that constants are zero-adic functions if you must: but don’t let that way
of talking disguise the semantic difference between constants and genuine functions).
So arguably what we have here is a case of overload of notation, with context disam-
biguating, not the uniform expression of a single function, so a fortiori not the uniform
expression of a co-partial function. But if you don’t like that verdict, the pragmatic point
still remains: such beasts are cooked-up sports, and we again have no need to build a
logical system which allows Σ′-type primitives.

Combining (1) and (3) to allow both empty terms and absent terms just gives us more
of the same, and needn’t be separately discussed.

Conjecture: other attempts to cook up partial functions by postulation can be dealt
with similarly.

7. Conclusion

Oliver and Smiley’s putative examples of co-partial functions roaming in the wild are, on
closer inspection, misidentified. Postulated examples cooked up at home in the logician’s
laboratory are arguably fakes, but in any case we don’t need to complicate a logical
system apt for regimenting mathematical reasoning to accommodate them.
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